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Abstract

The surfactant transfer in micellar solutions includes transport of all types of aggregates and the exchange of monomers between them. Such
processes are theoretically described by a system containing tens of kinetic equations, which is practically inapplicable. For this reason, one of the
basic problems of micellar kinetics is to simplify the general set of equations without loosing the adequacy and correctness of the theoretical
description. Here, we propose a model, which generalizes previous models in the following aspects. First, we do not use the simplifying
assumption that the width of the micellar peak is constant under dynamic conditions. Second, we avoid the use of the quasi-equilibrium
approximation (local chemical equilibrium between micelles and monomers). Third, we reduce the problem to a self-consistent system of four
nonlinear differential equations. Its solution gives the concentration of surfactant monomers, total micelle concentration, mean aggregation
number, and halfwidth of the micellar peak as functions of the spatial coordinates and time. Further, we check the predictions of the model for the
case of spatially uniform bulk perturbations (such as jumps in temperature, pressure or concentration). The theoretical analysis implies that the
relaxations of the three basic parameters (micelle concentration, mean aggregation number, and polydispersity) are characterized by three different
characteristic relaxation times. Two of them coincide with the slow and fast micellar relaxation times, which are known in the literature. The third
time characterizes the relaxation of the width of the micellar peak (i.e. of the micelle polydispersity). It is intermediate between the slow and fast
relaxation times, in the case of not-too-low micellar concentrations. For low micelle concentrations, the third characteristic time is close to the fast
relaxation time. Procedure for obtaining the exact numerical solution of the problem is formulated. In addition, asymptotic analytical expressions
are derived, which compare very well with the exact numerical solution. In the second part of this study, the obtained set of equations is applied for
theoretical modeling of surfactant adsorption from micellar solutions under various dynamic conditions, corresponding to specific experimental
methods.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In the present series of two articles, we address some
unsolved problems in the theory of adsorption from micellar
surfactant solutions. In general, the diffusion and convective
transport of monomers and aggregates is accompanied by
release or uptake of monomers by the micelles. The first
models of micellar kinetics in spatially uniform solutions have
been developed by Kresheck et al. [1], and Aniansson and Wall
[2]. The model [2] provides explanations of the main
experimental facts, so that it is generally accepted and used
as a basis for further developments. In subsequent studies, it
was upgraded and applied to interpret experimental results for
various micellar systems [3—11]. Detailed reviews on micellar
kinetics and dynamic surface tension have been recently
published by Noskov and Grigoriev [12] and Noskov [13].

The first theoretical model of surfactant adsorption from
micellar solutions was proposed by Lucassen [14] and applied
to interpret the tensiometric data from experimental methods
with oscillating surface area [14,15]. This model uses the
simplifying assumptions that the micelles are monodisperse,
and that the micellization happens as a single step, which is
described as a reversible reaction of order n (n is the micelle
aggregation number). This nonlinear problem was linearized
for the case of small perturbations [14]. Later, Miller [16]
solved numerically the nonlinear problem using the assumption
for monodisperse micelles. An alternative approach to the
nonlinear problem, based on the von Karman’s method in
hydrodynamics, was proposed in [17]. A linearized model was
developed by Fainerman [18] and applied to interpret dynamic
surface tension data [19-21]. Joos and co-authors [22—25]
developed a model, which is based on the assumption for local
quasi-equilibrium between monodisperse micelles and mono-
mers. More realistic models of the diffusion in micellar
solutions, which account for the polydispersity of the micelles
and for the multi-step character of the micellar process, was
developed independently by Noskov [26], Johner and Joanny
[27], and Dushkin et al. [28,29]. Shah and coworkers
investigated the effect of the micellar kinetics on the foaminess
of surfactant solutions, and its scientific and technological
significance [30—-32].

Despite the advance in this field, some unsolved questions
remain. In the case, when the deviations from equilibrium are
not small, the available theories are using unjustifiable
assumptions and are describing the kinetics of adsorption only
in a limited number of situations [13]. In addition, depending
on the used experimental method and specific surfactant, the
measured experimental dynamic surface tension of micellar
solutions follows different functional dependencies: inverse
square root of time [21-23], or exponential decay [25,33,34].
Although some encouraging steps in theory have been made
[23,25,33,34], a general theoretical picture is still missing, and
it is not clear why different functional dependencies are
observed under different experimental conditions. An addi-
tional challenge to the theory comes from the necessity to
interpret the data for the dynamic surface tension of micellar
solutions measured by different experimental methods [35],
such as the maximum bubble pressure tensiometry [21,36,37],
the inclined plate method [25,33], the dynamic drop volume
method [22,23], the stripe method [24,25], the oscillatory
methods [14,15], the overflowing cylinder method [38,39], etc.

In an attempt to resolve a part of the above problems, here
we present a general derivation of the mass balances in a
micellar solution avoiding most of the approximations and
simplifying assumptions used in previous studies. First, a
basic system of four nonlinear mass-balance equations is
derived for multi-step micellization (Section 2). We do not use
the simplifying assumption for constant width of the micellar
peak and, in the general case we do not linearize the equations
for small perturbations. The linearized equations are derived in
Section 3, as a special case.

The model is further applied to analyze the evolution of a
micellar system, which is subjected to spatially uniform
perturbations. As a result, we arrive at the non-trivial
conclusion that there are three (rather than two) micelle
relaxation times (Section 4). The third characteristic time
describes the relaxation of the width of the micellar peak. Its
existence is not in conflict with the previous works on micellar
relaxation kinetics. From the viewpoint of applications, the
measurement of the third characteristic time would allow one to
determine the rate constant of the fast micellization process. At
the next step, in the second part of this study [40] we apply the
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developed theoretical model to investigate the complicated
dynamics of adsorption from micellar solutions.

2. Nonlinear theory of the mass transfer in micellar
solutions

2.1. General set of equations

According to the theory by Aniansson and Wall [2], the
association and dissociation of surfactant aggregates proceeds
in unitary steps, described by the following set of reactions:

kf
Ay + A5 ;{%AS (s=2,3,4,...) (2.1)
Here A and 4 denote, respectively, a surfactant monomer and
an aggregate of s monomers; k, and k, are the rate constants
of association and dissociation, respectively. The above
reaction mechanism implies the following balance equations
for the monomers and aggregates [2,26,29]:

dCl >
— 4+ VI = -2/, — J. 2.2
a7 + 1 2 ; s (2.2)
deg

+ VI, =J; — Jon (s=2,3,4,...) (2.3)

dt

Here, ¢, is the number concentration of the aggregates A
(s=1,2,3,...); tistime; V is the spatial gradient operator; I is
the diffusion flux of the respective component (s=1,2,...); J
is the flux due to the respective reaction (s=2,3,...), see Eq.
(2.7), and d/d¢ is the material time derivative:
d 0

—=—+4vV

TR

v is the mean mass velocity (V -v=0 for an incompressible
fluid). In general, the flux I; expresses the relative motion of
the component s with respect to the mean mass velocity [41]:

(2.4)

Li=c,(vy — V) (s=1,2,3,...) (2.5)
where v, is the velocity of component s. As a next step, one

can postulate the Fick’s law of diffusion:

I, = — D,V (s=1,2,3,...) (2.6)
where Dy is the diffusivity of the respective component. The
reaction flux J; accounts for the micelle association and
dissociation. In accordance with the reaction mechanism, Eq.

(2.1), this flux is given by the expression:

Jo=kereg 1 — kg e (8=2,3,4,...) @7)

At equilibrium, all reaction fluxes, J,, are equal to zero, and
Eq. (2.7) reduces to the mass action law connecting the
respective equilibrium concentrations:

kt s
5 _ Ga 0 (522,3.4,..) (2.8)
k; Cl,eqCs—1.,eq

Here and hereafter, the subscript “eq” denotes the equilibrium
value of the respective quantity. The balance equation for the

total amount of surfactant (the total number of surfactant
molecules per unit volume), ¢y can be obtained by
multiplying Eq. (2.3) by s, and summing up all equations for
s>1:

de

5t Ve =0 (2.9)

Crot = ZSCS7 | ZSIS (2.10)
s=1 s=1

where I is the total flux of surfactant. Note that the reaction
fluxes disappear from Eq. (2.9), which is due to the
conservation of the total number of surfactant molecules in
the system.

2.2. Real and model micelle size distributions

In the theory by Aniansson and Wall [2], the micelle size
distribution exhibits three different regions (Fig. 1): (i) Region
of the monomers and oligomers, Q, (1 <s <n,); (ii) Region of
the rare aggregates, Q. (n,<s<n,), and (iii) Region of the
abundant micelles, Q,, (s >n,). In the region ,, the aggregate
concentration is assumed to be relatively small (Fig. 1). In the
region Q,,, the peak of the micelle size distribution is usually
described by a Gaussian curve [2]:

¢y = \/Cz%exp —%} (s > ny) (2.11)

Here C,, is the total concentration of the abundant micelles; m
is their mean aggregation number; ¢ is the dispersion of the
Gaussian distribution, which characterizes the polydispersity of
the abundant micelles. It is assumed that Eq. (2.11) holds under
both equilibrium and dynamic conditions. In the latter case, the
parameters in Eq. (2.11) depend on the spatial coordinate, r,
and time, ¢, i.e., we have: C(r,t), m(r,t) and o(r,?).

To determine C,,, m, and ¢ , we will impose three
conditions for equivalence of the model Gaussian distribution,
Eq. (2.11), to the real micelle size distribution. For this goal, we
will require the zeroth, first and second moments of the size
distribution of the abundant micelles (s > n,) to be identical for

Cs.ll

n, m s

Fig. 1. Sketch of the typical size distribution of aggregates in a surfactant
solution; ¢, and s are the aggregate concentration and aggregation number; Q,
Q. and Q,, are, respectively, the regions of oligomers, rare aggregates and
abundant micelles; n, and 7, represent boundaries between the regions; s=m
corresponds to the peak in the region Q,,.
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the real and model systems. The following relations take place
(see Appendix A):

Z e~ Chy (2.12)
S>n,
Zscszmcm (2.13)
s>n,
Zszcsz (m* + ¢*)C (2.14)
s>,

To obtain the latter three equations, we have substituted the
Gaussian distribution, Eq. (2.11), for ¢,, and replaced the
summation by integration (as an approximation).

To determine the functions C,(r,?), m(r,?) and o(r,¢), we
have to derive a corresponding set of equations. For this goal,
we multiply Eq. (2.3) by s°,i=0,1,2, and sum up for s >n,.
Thus, with the help of Egs. (2.12)—(2.14), we derive
(Appendix A):

dc

— 2 4 Vil =J 2.15
a e (2.15)
d

@ (mCp) + VI = nJ +Jmo (2.16)
d

o [(m* + 6*)C| + VIna = n2J — Jno + 2 (2.17)

where we have introduced the following notations:

L= s, (i=0,1,2,) (2.18)

S>N,
J=Jy,  Jmi= s (i=0,1) (2.19)

s>n,

Here, I,,,; and J,,; are the i-th moments of the diffusion and
reaction fluxes, respectively; J is the reaction flux for s=n, (at
the boundary between the rare and abundant micelles, see Fig.
1). With the help of Egs. (2.7) and (2.11), we obtain
(Appendix A):

Cy o’ — ai m — me,
Jm70 = kr;Cm €eXp 7 4 2 11 —1 (220)
Cleq ZGeq I

2 2
¢ ({7 "%
Cleq magq
2 2
g — oeq m — meq 1
xexp| o — 5 -
Taq o3

As before, the subscript “eq” denotes the equilibrium value
of the respective quantity. In addition, following [2] we have
assumed that the dissociation rate constant of the abundant
micelles is (approximately) the same, i.e., k; =k, for s>n,

Jm71 = k; mCm

(2.21)

Furthermore, applying the Fick’s law, Eq. (2.6), and using Egs.
(2.12)—(2.14), we derive:

Ino = —DnVCp, Ini = — DV (mCp) (2.22)

Ln> = — DV [(m* + %) C] (2.23)

where we have assumed that the diffusivity of the abundant
micelles is (approximately) the same, i.e., Ds=D,, for s >n,.
Thus, Egs. (2.15)—(2.17) become a set of three equations for
determining the parameters C,,, m, and s of the model micelle
size distribution, Eq. (2.11). To close the system of equations,
we need an additional relationship to determine the unknown
flux J. Such a relationship is derived in the following
subsection; see Eq. (2.32).

2.3. Balance equations for the monomers and oligomers
Let us multiply Eq. (2.3) by s, and sum up for 2<s<n,. In

view of Egs. (2.2) and (2.19), we can bring the result in the
form:

d
P (cot+e)+VIo+1L)= —nJ —Jno (2.24)
where
no n—1
Co= Zscs, o= Z sCq (2.25)
s=1 s=no+1

¢, and ¢, give the total number of monomers (per unit volume)
incorporated, respectively, in oligomers and rare micelles. The
diffusion fluxes in Eq. (2.24) are defined as follows:

I,= i sy,
s=1

The theory by Aniansson and Wall [2] makes use of the
following two simplifying assumptions: (i) In the oligomer
region, Q, (2<s<n,), the characteristic time for monomer
release from an aggregate, 1/k; , is much shorter than the
characteristic times of all other processes: convection, diffu-
sion, “fast” and “slow” micelle relaxation processes (see
Section 4). (ii) In the rare-aggregate region, Q. (n,<s<n,), the
aggregate concentration is very small in comparison with the
concentrations in the other two regions (Fig. 1). The latter two
assumptions imply that for 2 <s<n, the terms in the left hand
side of Eq. (2.3) are negligible (in a first approximation), which
leads to [2]:

SHh=J3=

(2.26)

== (2.27)

Using Egs. (2.8) and (2.27), we succeeded to find an exact
solution of the nonlinear system of algebraic equations, Eq.
(2.7), for ¢, (2<s<n,), see Appendix A:

cs ¢ = d 1

:g——JE T e (s=2,...,m)
Cs.eq cl,eq i=0 Clﬁeq s—iCs—i,eq

(2.28)

This new result leads to the following two main
conclusions. In the oligomer region, Q,, where 1/k; is a
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small quantity, the term with J in Eq. (2.28) is negligible, and
then

Cs/Cseq = €1/C) g (s=2,...,n0) (2.29)
i.e., the oligomers are in quasi-equilibrium with the mono-
mers. Substituting Eq. (2.29) into Eq. (2.25), we express the
total number of surfactant molecules in the region Q,. (Fig. 1)
as a function of ¢;:
Ny CSI

Scs,eq? (230)
,eq

Co =
s=1
Because the concentration of the rare aggregates is
negligibly small, ¢, <<c¢,, Eq. (2.24) reduces to a balance
equation for the oligomers alone:
de,

dt

+ VI = —nJ —Jmo (2.31)

To find an expression for J, we match the Gaussian
distribution, Eq. (2.11), with Eq. (2.28) at the boundary
between the regions of abundant and rare micelles (at s=n,):

2
Cy (ny — m) cr
—eXp| ———=5—| = Cneq i —
2no 202 ' cl:eq

n—2
—-J

i
3 Cnieq

i=0 Cli eq kn_r—icnrfi,eq
(2.32)

Eq. (2.32) closes our set of equations, which is described in
the next subsection. After linearization, Eq. (2.32) reduces to
Eq. (3.9); see below.

2.4. Basic system of four nonlinear differential equations

Egs. (2.15)—(2.17) form a system of four basic differential
equations for determining the monomer concentration, ¢ (r,?),
and the three parameters of the micelle distribution, C,(r,?)
m(r,t), and s(r,t). This basic system is to be considered in
conjunction with the following algebraic expressions for the
auxiliary variables: The reaction fluxes Ju 9, Jm1, and J are
given by Egs. (2.20) (2.21) (2.32); the diffusion fluxes L,
L1, and I, are defined by Eqs. (2.22) and (2.23); the
concentration of surfactant in monomeric and oligomeric form,
co, 18 given by Eq. (2.30).

The considered system is nonlinear, because it contains
several nonlinear equations: Eqgs. (2.16) (2.17) (2.20) (2.21)
(2.30) (2.32). In the next section, we address the special case of
small deviations from equilibrium, when all equations can be
linearized.

3. Small deviations from equilibrium

In the case of small deviations from equilibrium, the set of
equations in Section 2 could be linearized and explicit
analytical solutions could be obtained. In particular, one can
derive expressions for the relaxation times, which characterize
how rapidly a micellar solution restores its equilibrium state
after an initial homogeneous bulk perturbation due to a jump in

temperature, pressure or concentration (see Section 4). We will
present the basic variables in the form:

C1 = Cleq + Clp, Cn = m,eq T Cm,p

(3.1)

where the subscripts “eq” and “p” mark the corresponding
equilibrium values and the perturbations. At equilibrium, all
diffusion and reaction fluxes, I; and J,, are equal to zero.
Therefore, such fluxes could appear in the equations only as
perturbations. For this reason, we will skip the subscript “p”
for all fluxes.

Next, we substitute Eq. (3.1) in the balance equation for
monomers and oligomers, Eq. (2.31), expand in series for small
perturbations, and preserve only the linear terms. Introducing
the auxiliary notation

m = Meq + My, 0 = Oeq 1+ 0p

o

Cq
S= 2 54 3.2
s=1 ’ Cl,eq ( )
we obtain:
dC1 p
Sd—t’ + Vi, = —nJ —Jnp (3.3)

If the concentration of the monomers is much greater than
that of all oligomers, then one could keep only the term with
s=11in Eq. (3.2), which yields S = 1. In Appendix B, we show
that the linearization of Egs. (2.15)—(2.17) leads to the
following equations for the perturbations of C,,, m and o.

dCpp

P 4 Vo =J 34

@& 0 (34)
dm,

Cm,eq dt_ + v'(Im,l — mqum_’O) = (I’lr — meq)J +Jm.’0 (35)

do
2Geqcm’eqd—tp + V- {Im_yz — 2megIm + (miq — agq)lm,o]

= [(n = meq)” = G2 = (2eq + VI + 21 (3.6)

€q

Furthermore, substituting Eq. (3.1) into the expressions for
the reaction fluxes, Egs. (2.20) and (2.21), and linearizing, we
obtain:

_ C]7 Op — Oeg
JmﬁozkmCmﬁeq< LA p)

3
Cleq Ocq

(3.7)

3
Cleq Oq MeqOeq

c Op — Oeglll 20
JmA] kameqcm@q( 1p + p eq”p p ) (38)

Finally, we substitute Eq. (3.1) into Eq. (2.32), and derive
(Appendix B):

2 2
Ry = Clp Crp | (meq—nc)my (meq —n:)” — Oeq Op
- o 2 B 2 _
Cleq Cm,eq Ocq Ocq Oeq
(3.9)
ny 1 ny 1

R=Y>" ~ (3.10)

j=2 k/ Cjeq > k/ Cleq
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R is termed [2] resistance to “flow” through the region of
the rare micellar aggregates, 2, (Fig. 1). In Eq. (3.10), at the
last step, we have used the fact that the concentrations of
the oligomers are much greater than those of the rare
micelles, and therefore all terms with 2<;j<n, could be
neglected.

The linear equations obtained in this section will be used for
description of the relaxation of bulk (Section 4) and interfacial
perturbations [40].

4. Relaxation of a spatially uniform perturbation
4.1. Micellar relaxation times

The previous studies are using the simplifying assump-
tion that the width of the micelle size distribution,
characterized by ¢ , is not affected by the perturbation
(65=0). In such a case, the reaction fluxes J and J,,, see
Egs. (3.7) and (3.9), define two different characteristic
times, which correspond to the known fast and slow
processes of micelle relaxation [2,3,42]; see also [12,13,
28,31,32]. Physically, the fast process corresponds to
variation of the mean aggregation number, m, due to
exchange of monomers between the abundant micelles and
the surrounding solution, at constant total micelle concen-
tration, C,,,. The slow relaxation process is related to decay
or formation of abundant micelles and variation in their
total number concentration, Cp,.

In the present theoretical model (Section 3), we do not use
the simplifying assumption ¢,=0. Instead, we derived a new
equation for determining ¢, Eq. (3.6), which contains an
additional flux, Jy,;, given by Eq. (3.8). Thus, we could
anticipate that a third relaxation time will appear in the
theory, which characterizes the relaxation of the width of the
micellar peak (see region Q,, in Fig. 1). Below, we will see
what is the magnitude of this third relaxation time and
whether it is of importance for the interpretation of
experimental data.

Hereafter, we consider homogeneous bulk perturbations. In
such case, all diffusion and convective fluxes are equal to zero
(unlike the reaction fluxes), and the perturbations depend only
on time, ¢. If we multiply Eq. (3.4) by m.q, and sum up the
result with Egs. (3.3) and (3.5), we can derive

Scip + MegCip + MpCireqg = 0 (4.1)

This is the form of the surfactant conservation law in terms
of perturbations. Eq. (4.1) expresses the perturbation ¢, ; as a
linear combination of the perturbations Cy,, and m,. Conse-
quently, ¢, ;, is not an independent variable in the considered
case of homogeneous perturbations. In other words, we are
dealing with three independent perturbations, Cy, ,, m,, and o,
which have to be determined from Egs. (3.4)—(3.6). Following
the standard procedure, we assume that these perturbations are
proportional to exp(—vt), where 1/v is the characteristic
relaxation time. In this way, from Eqgs. (3.4)—(3.6) we obtain

the following system of equations, which is applicable to
homogeneous perturbations:

—Cnpv=J (4.2)
— Cineqpy = (nr - meq)J + Jmo (4.3)
2

—206qCrneq0pV = {(nr — meq) — agq}J
— (2meq + 1) + 2Jm1 (4.4)

The equations for the reaction fluxes, Egs. (3.7)—(3.9),
imply that Egs. (4.2)—(4.4) form a linear homogeneous system
for determining Cy, ,, mp, and ¢,,. As known, such a system has
a nontrivial solution only when its determinant is equal to zero.
Thus, from Egs. (4.2)—(4.4) we obtain a cubic characteristic
equation for v, which has three real positive roots. The
reciprocal values of these roots give the three characteristic
relaxation times: f., t,, and ¢,, which are related to the
relaxations of Cy,,,, m, and o, respectively (see Section 4.4
below). Correspondingly, any relaxing parameter, Y, of the
micellar system could be expressed as a linear combination of
three exponents:

Y = Yiexp( — t/t.) + Yaexp( — t/tn) + Ysexp( — t/t;)  (4.5)

where Y, Y, and Y3 are constant amplitudes; see also Egs.
(4.34) (4.48) (4.51). To obtain explicit analytical expressions
for the characteristic times ., #,,, and ¢, we consider separately
the slow and fast micellar relaxation processes.

4.2. Characteristic time of the slow relaxation process

In this case, by definition k., /v>=>>1. We substitute the
reaction fluxes Jp, o and Jy,, | from Egs. (3.7) and (3.8) into Egs.
(4.3) and (4.4), and carry out the transition k., —oo. This is
equivalent to set each of the fluxes J,, o and Jy,, 1 equal to zero.
As a result, we obtain:
0, =0 (4.6)
_ 2 C1p

“c l.eq '

ny, (4.7)

In other words, for the slow relaxation process, the
perturbation in the width of the micelle size distribution is
equal to zero (0,=0), while the perturbation in the micelle
mean aggregation number is proportional to the perturbation in
the monomer concentration, m,°c ,. Substituting Eq. (4.7)
into Egs. (3.9) and (4.1), we obtain the following expressions
for the reaction flux J and monomer concentration, ¢ p:

1 C1 C
J=—m., —2 — ﬂ)
R < “ Cleq Cm,eq

Clp _ _ MegCinp (4.9)
Cleq 0qCrmeq +SC1eq
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Finally, we substitute Eq. (4.9) into Eq. (4.8), and the result
—into Eq. (4.2). Thus we obtain the following expression for
V=V,

1 1 m2, Crn.
Ve=— = 1 + eq 2,eq
fe  RCpq Scteq + 0%,Cineq

(4.10)

where ¢, is the relaxation time of the slow process. The latter
expression coincides with the result by Aniansson and Wall [2].
At sufficiently high micellar concentrations (Cy,eq > Scieq/
agq), Eq. (4.10) predicts a linear increase of the relaxation time,
te, With Cpy e

R 2

g
.= zieqzcm,eq (411)
mcq + ch

4.3. Two characteristic times of the fast relaxation process

In this case, the characteristic relaxation time, 1/v, is much
smaller than z... Thus, carrying out the transition 1/v—0 in Eq.
(4.2), we obtain Cy,,=—J/v—0. In other words, the
perturbation in the total concentration of the abundant micelles
is zero for the fast process. Setting J/v—0 also in Egs. (4.3)
and (4.4), we derive:

Ji
myy = — Cm*" (4.12)
m,eq
2 1 1
opy = Meq + Jm,1 (4.13)

Further, substituting C,, ,— 0 in the mass conservation law,
Eq. (4.1), we obtain:

Cip= — Cmegmp/S (4.14)
Combining Egs. (3.7) (4.12) (4.14), we derive:
C _
myv = k- ( ;’eqmp % f“‘m"> (4.15)
cl,cq Geq

Next, we substitute J;,, o and Jy,; from Eqgs. (3.7) and (3.8)
into Eq. (4.13), and replace c; , from Eq. (4.14):

206q0pV  Op — Oeqhty n 40, - Cnyeqp (4.16)
— - 3 *
km O—eq MeqOeq Scl ,eq

Egs. (4.15) and (4.16) form a linear homogeneous system for
the perturbations m, and o, This system has a nontrivial
solution only if its determinant is equal to zero. The latter re-
quirement leads to a quadratic equation for v, whose solution is:

2agq 5 1/2
k—7v1,2:3+u+8i B4u+e) —8(1+u) (4.17)
0'2 Cme 1
__eq »eq _
u=——— e=—. 4.18
Scieq 20’2q ( )

Eq. (4.18) implies that the dimensionless parameter u can
vary from zero at the CMC (Cy,eq=0) up to high values,

u > 1, at Cy oq > C1 ¢q- In addition, for most systems, we have
1/60§q:8/3 <1, and then Eq. (4.17) can be simplified:

1
VI=vm_t_m:jG_§q(1+u) (419)
P
V=ve=— =270 (4.20)
¢ O

where ¢,, and ¢, are the two characteristic times of the fast
relaxation process. One can check that the expression for ¢,
exactly coincides with the expression for the relaxation time of
the fast process derived by Aniansson and Wall [2]. On the
other hand, 7, is a new relaxation time, which appears in our
theory because we consider perturbations in the width of the
micellar peak, ie., o,#0. (The previous studies have used
0,=0 as a simplifying assumption.) Eq. (4.20) implies that ¢,
is independent on the micelle concentration, C, ¢q, unlike 7,,.
For 0<u <1, i.e., in the vicinity of the CMC, Egs. (4.19)
and (4.20) yield ¢, >¢,. Out of this relatively narrow
concentration zone, we have another relation, viz.:

te >ty >ty (u>1) (4.21)

In other words, the longest is the relaxation time of the slow
process, f., which is related to the relaxation of the micelle
concentration, C,, (see Section 4.6 for details). The shortest is
the conventional relaxation time of the fast process, ¢,,, which
is related to the relaxation of the micelle mean aggregation
number, m. The relaxation time, ¢,, which is related to the
relaxation of the width of the micelle peak, ¢, has an
intermediate value for u>1.

Both ¢, and ¢,, are accessible to experimental measurements,
and have been found to affect the occurrence of processes of
scientific and practical importance [3,31,32,42]. Then, Eq.
(4.21) implies that the intermediate relaxation time, ¢, should
be also accessible for measurement by the experimental
relaxation methods. Note that ¢, is simply related to k&, , see
Eq. (4.20), and correspondingly, the measurement of ¢, allows
one to determine k,, . At surfactant concentrations much above
the CMC (u > 1), Egs. (4.19) and (4.20) predict ¢, >¢,,. In
such a case, one should be able to clearly distinguish between
these two relaxation times. On the other hand, at u = 1 (close to
the CMC) we have t,~t,, and it could be difficult to
distinguish between them (unless they govern the relaxation
of different experimental parameters; see Section 4.6).

It should be noted that Eq. (4.20) for ¢, is identical with Eq.
(11) (for n=2) in the paper by Wall and Aniansson [5].
However, the two equations have been obtained in quite
different contexts and have different meaning. In [5], the
perturbation is mathematically expressed as an infinite series of
exponentials with different decay times, at constant ¢ . In
contrast, here the width of the micellar peak, o, is variable, and
t, 18 its characteristic relaxation time. Moreover, in [5] the fast
process is characterized by a single characteristic time, 7,
while here, the fast process is characterized by both ¢, and ¢, .
At the lower micelle concentrations (f~1) ¢, and ¢, are
comparable by magnitude (see Section 4.5). Then the
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relaxation of the monomer concentration is described by a
superposition of two exponentials (rather than a single one), as
discussed at the end of Section 4.5. In other words, in our case
the relaxation of ¢, , is affected by #,. On the other hand, 7, in
Eq. (11) of [5] does not enter the expression for &, therein.

4.4. Exact solution and interplay of the relaxation processes

In general, we consider small perturbations in the three
parameters describing the shape of the micellar peak (Fig. 1),
viz. its height, position and width, characterized, respectively,
by Cp, m, and ¢. In Sections 4.2 and 4.3 we derived analytical
expressions for the corresponding relaxation times, ¢, ¢,,, and
t,, at the cost of some approximations. However, it is possible
to solve the problem exactly. This will give us the exact values
of the relaxation times; will allow us to check the approximated
expressions and to see whether all of ¢, ¢,,, and 7., influence the
relaxation of each separate perturbation, Cy, p, mp, and o,,. For
this goal, it is convenient to introduce dimensionless variables:

My

Ch,
L. ==L =1L
Cm.eq Meq Oeq

. _ Clp | _
€1= > écz
Cleq

(4.22)

From Egs. (4.1) and (4.22) we express the dimensionless
perturbation in the monomer concentration:

a=-tere) (423)
where we have introduced the relative micelle concentration, f3:
Ctot - CMC Cm €q
=t T : 4.24
P=—"cmc e (4.24)

with Cj,; being the total surfactant concentration. Further, from
Egs. (3.9) and (4.22) we express the reaction flux J:

J Me
- = (mcq_wo_cq)él & +w qém_ (Wz_l)éa
ks Ocq
(4.25)
w="e Ty e (4.26)
Oeq ’ s Rcl,eq '

where the equilibrium dimensionless parameter w is propor-
tional to the distance between the positions of the micellar
peak, mcq, and the boundary, n,, between the rare aggregates
and the abundant micelles (Fig. 1). The parameter kg, defined
by Eq. (4.26), can be interpreted as rate constant of the slow
relaxation processes. Likewise, from Egs. (3.7), (4.22) and
(4.23) we obtain an expression for the reaction flux, J, o:

Jm,O - B Meq B 1
kyCineq S e (agq + S Sn + a2, <o

(4.27)

Finally, from Egs. (3.8), (4.22) and (4.23) we obtain:

g P Mg B 1 2
e Cones 5 (o—gq +tg|Ent 7 g <o

(4.28)

The substitution of Egs. (4.27) and (4.28) into Egs. (4.2)—
(4.4), after some transformations, leads to a linear homoge-
neous system of equations:

Z (a,«j — )»5,]-) =0, i=c,m,o (4.29)
Jj=c,ma
where 2=—v/k,, is a dimensionless parameter; J, is the

Kronecker symbol; a;; is a matrix, whose elements are given in
Appendix C. The system (4.29) has a nontrivial solution only if
its determinant is equal to zero, which leads to:

PRI +Li—-13=0 (4.30)

where the three invariants of the matrix (a;) are

[1 = dce + Aum + Aoo;
b = Gcc@pm — Aemme + Aumoo — Amelom + Accloe — Aeglocs

I5 = det(ay) (4.31)

Note that a;, I, I, and /3 depend on the following
dimensionless parameters of the system:

Meq, Ooq, W, P, S, and 0=kg /k_ (4.32)

Consequently, the same is true for the three roots of Eq.
(4.30), which determine the three characteristic relaxation times
of the system:

j=c¢,m,0 (4.33)

Solving Eq. (4.30), we determine the three eigenvalues, /.,
/um, and Zg. In general, the matrix a; is non-symmetric, but
nevertheless, for physically reasonable values of the system’s
parameters, all three eigenvalues are real and negative, see
Section 4.5. The next step is to determine the three
eigenvectors, f©, ™, and f®, from Eq. (4.29). The
components, f;), of the latter three vectors could be
determined by means of a standard software, using the matrix
clements, a;;, as input parameters; see Appendix C. Further, the
relaxation of an arbitrary perturbation, in either C,,, m, or o ,
can be expressed in the general form [43]:

&= XfVep(~/r), i=emo

j=cms

(4.34)

where 1=k, t is the dimensionless time. The constants X; have
to be determined from the initial conditions, at T=0. It is useful
to consider the following three normalized independent modes:

éL(O) =1 fm(o) =0; 60(0) =0: mode(l,0,0)

(4.35)
E(0)=0; ¢&,(00)=1; ¢&,(0)=0: mode(0,1,0)

(4.36)
:fc<0) =0; ém(O) =0; 50(0) =1: mode(0,0, 1)

(4.37)

For each mode, we substituted the respective initial
condition into Eq. (4.34), and determined the respective values
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of the constants X;. In Appendix C it is explained how one
could determlne the coefficients to Eq. (4.37) X(C)
corresponding to Eq. (4.35), X(m) corresponding to Eq
(4.36), and X(”) corresponding to Eq. (4.37). Then, the
evolution of each of C,, m, and ¢ corresponding to the
boundary conditions, Egs. (4.35)—(4.37), is given by the
respective version of Eq. (4.34):

ZX

Jj=c.m,o

exp — /%), i,k =c,m0 (4.38)

&o (?) expresses the evolution of the parameter . &;(i=c,m, o),
which is due to the relaxation of an initial perturbation,
£4(0)=1, in the parameter k (k=c,m,o). In general, an initial
perturbation in one of the parameters, for example C,,
engenders variation also in the other two parameters, m and
0. This fact is important for the interpretation of experimental
data, and is illustrated in Section 4.5, where graphs of &{"(r) are
given for all i, k=c,m,o.

Finally, let us consider an arbitrary perturbation,
corresponding to the initial condition:

$c(0) = 4e; €,(0)

Then, we can calculate the evolution of each parameter,
Et), E,,(0), and &,(), due to the relaxation of the considered
initial perturbation:

- > ad

k=c,m,c

= Ap; 50(0) =4, (439>

,i=c,m,0

(4.40)

Here &% is defined by Eq. (4.38). This completes the
solution of our problem.

Because we are dealing with small perturbations, the
amplitudes in Eq. (4.40) must be small, 4, <1, while the
characteristic functions &(f) could be of the order of 1, see
Figs. 2—4. Note also, that simple and accurate asymptotic
expressions for &.(¢), &,,(¢) and &,(¢) can be derived in the case
when t. > ¢, t,; see Egs. (4.46) (4.48) (4.51).

4.5. Numerical results and discussion

To obtain numerical results, we have to assign physically
reasonable values to the system’s parameters, specified by Eq.
(4.32). We used the following values:
Meq = 60; Geqg = S w=3;5=1.1,0=10"" (4.41)

In particular, w=3 means that the concentration of the rare
aggregates is ~0.001 c,; this follows from Eq. (2.11), where
(s —m)*/a* should be replaced by w?. The value S=1.1 means
that the oligomers give a contribution of 10% to the sum in Eq.
(3.2); if the monomers were completely predominant, then we
would have S=1. To determine 0 = kg/k,,, we varied this
ratio until we found a value, for which the theoretical
predictions were similar to what we know from the experiment
[3]. We carried out calculations at two values f=1 and 100,
corresponding to surfactant concentrations 2 x CMC, and well
above the CMC; see Eq. (4.24).

1.04 mode (0,0,1) ]

100
Dimensionless time, T

(b)
4 oy " y " - 0.0
N /f /
de (0,0,1 - / -
8 mode (¢ ) \ B=100 / 0.1 §
o ]
= 3 F 02 T
>< o)
3 , £-0.3 g
E L-0.4 L
[=% : [=%
ﬁ £
5 1] [-0.5 %)
\E ~
" t06 S,
[V
0

Dimensionless time, T

Fig. 2. Plots of & (i=a, m, ¢) versus the dimensionless time, 7=k, (:
evolution of a micellar system after an initial perturbation in the micelle
polydispersity, a. The deviations from equilibrium of the micelle concentration,
aggregation number, and polydispersity are, respectively, Cp, ,, m,, and ¢,,. The
curves are calculated for two dimensionless micelle concentrations: f=1 and

100; the other parameters are given by Eq. (4.41). (a) Diagonal term &{7; (b)

Cross terms &,\7and &

Next, we calculated the matrix elements a;;, using equations
from Appendix C, and the invariants /,, /5, and /3, given by
Eq. (4.31). Further, we solved Eq. (4.30) numerically, and with
the help of Eq. (4.33) we determined the exact values of the
three dimensionless relaxation times, 7., 7,,, and 7,. In Table
1, they are compared with the output of the respective
approximated expressions, as follows. The characteristic time
of the slow process, 7., was calculated from Egs. (4.10) and
(4.11), which have been transformed in the following
dimensionless form:

l M0 Meqfp

w B (1 5+ ogqﬁ/meq> a2
2

S L Ry (4.43)

(mgq + ogq) Mgl

See also Egs. (4.24) and (4.26). Note that Eq. (4.42) is
more accurate expression for 7., while Eq. (4.43) is its
simplified version for #>>1. Furthermore, the relaxation times
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@ . . . .
mode (0,1,0) ]
8‘ -+
E
o
g 1
__ll
&
E +
M
100
Dimensionless time, T
(b)
:. vz : o7 0.0
B, AT
Ay 7 8
i —= S
/ x
Eg --0.5 ’\g
5 &
U -
g. mode (0,1,0) £
w F-1.0 %)
-
&
(8]
&
t —t-15
10  10°

Dimensionless time, T

Fig. 3. Plots of é(i'")(i:m,a,c) versus the dimensionless time, t=k,¢:
evolution of a micellar system after an initial perturbation in the micelle mean
aggregation number, m. The deviations from equilibrium of the micelle
concentration, aggregation number, and polydispersity are, respectively, C,
my, and o, The curves are calculated for two dimensionless micelle
concentrations: f=1 and 100; the other parameters are given by Eq. (4.41).
(a) Diagonal term &, (b) Cross terms &™) and ™.

of the mean micelle aggregation number and polydispersity,
7,, and 7,, were calculated from the dimensionless forms of
Egs. (4.17)—(4.19):

202 5 12
U3 butet|(Gute) —8(1+u)} (4.44)
Tm,o
11 12
Tn 0% T, 0%

where u=(Bol))/(Sm.y), and e=(20%,) '. Note that Eq.
(4.44) is more accurate expression for t,, and t,, while Eq.
(4.45) is its simplified version for ¢ <<3.

The results in Table 1 indicate that the approximate Egs.
(4.42)—(4.45) give the values of the relaxation times very
accurately, except Eq. (4.43) at f=1 (where the latter equation
is out of the range of its validity). In particular, Eq. (4.45)
enables one to identify which of the roots of Eq. (4.44), or of
the exact Eq. (4.30), corresponds to 7,, and 7,. As expected,
both the exact and approximate solutions imply that 7, is

practically independent of the surfactant concentration, char-
acterized by f. On the other hand, when the surfactant
concentration rises, 7. increases, while 7,, decreases.

mode (1,0,0)

0.0 } } }
10° 10t
Dimensionless time, T

mode (1,0,0)
-—=pB=1 1
—— [ =100
g \\\ ”///
S -0.25¢1 S \ 1
~
o
-0.50+ T
‘|E| mp/Meq
-0.75+ T
@E
" 1

SRS CTIIA

(c

0

1

10° 10! 10?

Dimensionless time, T

Fig. 4. Plot of ¢{)(i= ¢, m, &) versus the dimensionless time, 7=k, : evolution
of a micellar system after an initial perturbation in the total micelle
concentration, Cy,,. The deviations from equilibrium of the micelle concentra-
tion, aggregation number, and polydispersity are, respectively, Cp, ,, m, and o,
The curves are calculated for two dimensionless micelle concentrations: =1
and 100; the other parameters are given by Eq. (4.41). (a) Diagonal term £ (b)
Cross terms &, and £{; (c) E9+&,=—(S/p)EE.
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Table 1

Calculated values of the micellar relaxation times

Dimensionless Exact, More accurate Simplified

relax. time Eq. (4.30)  expressions, expressions,
Egs. (4.42) and (4.44) Egs. (4.43) and (4.45)

p=1

T, 412x10°  4.11x10° 1.15x 10°

T 1.87x10"  1.87x 10" 1.81x 10"

T, 121x10"  1.21x 10 1.25x 10"

p=100

T, 1.18x10°  1.18 x 10° 1.15x 10°

T 6.43x107" 6.43x107! 6.43x107"

T, 125% 10" 1.25x 10" 1.25x 10!

Next, let us imagine an initial perturbation in the polydis-
persity, o, at fixed micelleconcentration and aggregation
number. Such a perturbation is described by Eq. (4.37).
Determining /) and X}") , as explained in Appendix C, we
applied Eq. (4.38) to calculate the time dependencies of the
height, position and width of the micellar peak, described by
the functions E{(r), &€,5(¢), and & (7).

Fig. 2a shows the calculated dependence & 7(¢). The curves
corresponding to f=1 and 100 coincide, which indicates that
EL9(#) is insensitive to the micelle concentration. The inflexion
point of the curve & (¢) corresponds to 7 = 7,: compare Table
1 and Fig. 2a. Hence, the decay of £{” at long times is
determined by 7.

Fig. 2b shows the cross terms, EL(t) and E9(¢), which are
the dimensionless variations of C,, and m, induced by the
initial perturbation of ¢. It is important to note that both &{”
and £(7) are very small. For this reason, we have plotted them
multiplied by 1000. In addition, we have £{<0, but £{7> 0,
which means that an initial increase in ¢ engenders a small
decrease in C,,, and a small increase in m. By definition, we
have £{7(0)=¢,{(0)=0 at the initial moment. In addition,
these quantities should decay for t— oo. For this reason, the
respective time dependencies exhibit maxima or minima. For
the same reason, all cross terms plotted in Figs. 3b and 4b
exhibit maxima or minima.

In summary, an initial perturbation in the micelle polydis-
persity, o, induces a relaxation of ¢ with characteristic time 7,
but it does not perturb noticeably the micelle concentration,
Cyn, and the mean aggregation number, m (Fig. 2).

Fig. 3a shows the calculated dependence &(7(r). The
curves corresponding to f=1 and 100 are rather different,
which indicates that ¢”(r) is sensitive to the micelle
concentration. The inflexion points of the curves &%)
correspond to the values of ¢,, for the respective ff: compare
Table 1 and Fig. 3a. Hence, the decay of £ at long times is
determined by 7,,.

Fig. 3b shows &{(¢) and &")(¢), which are the dimen-
sionless variations of C, and ¢, induced by the initial
perturbation of m. It is important to note that £ is very
small, and for this reason it is plotted multiplied by 1000. In
contrast, & is not small at all; close to its maximum it can be
of the order of 1. (Despite the fact that here we are working
with small perturbations, the characteristic functions Em could

be of the order of 1; see the paragraph after Eq. (4.40).) In
addition, we have ¢ <0, but ¢">0, which means that an
initial increase in m engenders a small decrease in C,,, and a
considerable increase in o.

In summary, an initial perturbation in the micelle mean
aggregation number, m, induces a relaxation of m with
characteristic time 7,,, and a significant perturbation of o,
but it does not affect considerably the micelle concentra-
tion, Ch,.

Finally, Fig. 4a shows the calculated dependence &{(r).
The curves corresponding to §=1 and 100 are rather different,
which indicates that £{(f) is sensitive to the micelle
concentration. The inflexion points of the curves IR0
correspond to the values of 7. for the respective ff: compare
Table 1 and Fig. 4a. Hence, the decay of &{ at long times is
determined by 7.

Fig. 4b shows the cross terms, £'<(r). and & )(¢), which are
the dimensionless variations of m and ¢, induced by the initial
perturbation of C,,. It is important to note that both fﬁ,f) and
&L are considerable, especially at the higher micelle concen-
tration (f=100). As in the previous cases, ¢ decays for
T > 1, (see the values of the relaxation times in Table 1). On
the other hand, & decays for 7 > 1., which means that in the
considered case 7. (rather than t,,) characterizes the decay of
& at the long times. In addition, we have &<, but £9>0,
which means that an initial increase in C,,, engenders decrease
in m, and increase in &.

Thus, an initial perturbation in the micelle concentration,
Cp,, induces a relaxation of C,, with characteristic time 7.,
and considerable perturbations of m and ¢. What concerns
the perturbation in the monomer concentration, &;, in
accordance with Eq. (4.23) we have: &1=—(B/S)(E.+E,).
To illustrate the relaxation of ¢{, in Fig. 4c we have plotted
E+£ ) ys. the dimensionless time, #, for two different
values of f. At the higher micelle concentration, f=100, we
observe a conventional relaxation curve, with two character-
istic relaxation times: fast, 7,,, and slow, 7.. In Fig. 4c, 7,
and 7. correspond to the inflection points of the kinetic
curves, and are denoted by arrows. For the considered
numerical example, the values of 7,,, t. and 7, can be found
in Table 1.

The curve for f=1 in Fig. 4c deserves a special discussion.
In this case, the two dimensionless fast relaxation times are
close to each other: 7,,=18.7 and 7,=12.1; see Table 1. Hence,
in this time interval (around t=rt,, =1,), the dependence
&{(t) must be fitted with a superposition of two exponents,
those with j=m, s in Eq. (4.38), or with the full theory from
Section 4.4. In contrast, if one fits ¢{)(t) in the same time
interval with a single exponent, one will obtain an apparent
dimensionless fast relaxation time, t*, which is typically
greater than 7,, and 7,. If the determined t* is (incorrectly!)
identified with 7,,, one will find that the relaxation time of the
fast process does not comply with Eq. (4.19) at the lower
micelle concentrations, where the plot of the apparent 1/7,, vs.
u will deviate from a straight line. Such deviations have been
really observed; see Figs. 9 and 10 in [3]. The present model
could give a possible explanation.
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Finally, it should be noted that relaxation curves, like that
with f=1 in Fig. 4c, can be theoretically described by the exact
solution of the linear system in Section 4.4. The approximate
expressions derived in Section 4.6 (for 7, <1, < 1,.) are not
applicable for low micelle concentrations, where 7,, and tg
have the same order of magnitude.

4.6. Analytical expressions for the micellar evolution

Experimentally, either of the parameters C,,,, m, and ¢, or all
of them, could be measured as functions of time. To interpret
the obtained data one could apply the theory described in
Section 4.4. However, it is possible to derive much simpler
asymptotic expressions for the typical case of not-too-low
micelle concentrations, when the three characteristic micellar
times markedly differ from each other, viz. 7. > 1, >71,,.

The latter relation is fulfilled for the numerical data with
f =100 given in Table 1 and Figs. 2—4. In these figures, one
sees that initial perturbations in m and ¢ cannot produce
significant perturbations in C,,. In other words, the cross
terms ¢ and &7 are small. The same is true for &7 | see
Fig. 2b.

Now, let us consider a general initial perturbation in Cy,, m,
and o , with perturbation amplitudes 4., 4,,, and 4,. Having in
mind that £, £ <1, from Egs. (4.38)—(4.40) it follows:
E(t)=Acexp( —t/t.) (t.>t,>>ty) (4.46)

In other words, the relaxation of the micelle concentration,
Cn, 1s determined solely by ¢.. (As before, the relation between
the dimensional time, ¢, and the dimensionless time, 7, is
T=knt; see also Eq. (4.33)). Eq. (4.46) implies that the
relaxation time of the slow process, 7., can be directly
determined from data for the relaxation of C,,.

On the other hand, as seen in Fig. 4, an initial perturbation in
C.» induces also a significant long-time perturbation, &{ in the
micelle mean aggregation number, m, while the perturbation
induced in o, &) decays much faster. Then, for m., > 1 the
last term in Eq. (4.27) is negligible, and setting the left-hand
side equal to zero (for the slow process) we obtain:

2
T LA )

~ LR —
" Smeq + agqﬂ Stmeq

(4.47)

see Eq. (4.45) for 7,,. Then, from Egs. (4.38—4.40) (4.46) and
(4.47), we obtain:

Tuf

c
Smeq

Tuf

ém(t) ~—4 Smeq

exp(—t/t.)+ (Am + 4. )exp(— t/tw)

(4.48)

(t.>t,>1t,). Note that the initial condition, £,,(0)=4,, is
fulfilled. Eq. (4.48) implies that the relaxation of the micelle
mean mass aggregation number, m, after a general initial
perturbation, involves two relaxation processes, characterized
by relaxation times 7. and 7,,. Despite the fact that ¢ is also
perturbed, exp(—t/t, ) does not enter Eq. (4.48).

The variation of m, ¢,,, induces a variation ¢ in o. In
view of Egs. (3.6) and (4.4), for uniform perturbations we
have:

262 Cm a_g; = [(n = mea)* = 2,

— (2meq + 1)Jmo + 2Jm,1 (4.49)

For t.>1t,, > t,, the term with J in the latter equation is
negligible. Furthermore, in Eqs. (4.27) and (4.28) the terms with
. are annihilated by the first term of £, in Eq. (4.48), but the last
term in &,, remains. Thus, Eq. (4.49) is reduced to a first order
inhomogeneous differential equation for &, whose solution
gives the effect, A¢,, of the perturbations in C,, and m on &,:

T3 Meqly
AE, =4, +A4, — t/t, 4.50
o ( + Smeq> 2 — tg)aﬁq exp( [tm) ( )
Finally, from Egs. (4.38—-4.40), we obtain:

Tuf

éa’(t) :Aaexp( - t/ta) + Am +ALW

eq

lo

Mg lexp( — /1) — exp( — t/1,)] (4.51)

2ogq ty — ty

(t.>t,>1t,). Note that the initial condition, &,(0)=4, is
satisfied. One sees that the relaxation of the width of the
micelle peak, described by &,(7), is determined by the two
characteristic relaxation times of the fast process, #,, and ,.
Despite the fact that C,, is also perturbed, exp(—¢/¢.) does not
enter Eq. (4.51). The presence of the three perturbation
amplitudes, 4., 4,,, and 4,, in Eq. (4.51) implies that initial
perturbations in either C,,,, m, or ¢, can produce a variation of
o. This result is also in agreement with Figs. 2 3 and 4. The
developed theoretical model predicts that, in general, the
relaxation of the micelle polydispersity, o, will exhibit two
characteristic relaxation times, ¢,, and f,, which could be
determined by fitting the experimental dependence. &,(¢) with
the help of Eq. (4.51). Further, from either ¢,, or z, one can
calculate the demicellization rate constant, k., , see Eqgs. (4.19)
and (4.20). The coincidence of the values of k,,, obtained from
t,, and t, could be a criterion for the adequacy of the proposed
model.

It is important to note that Eqs. (4.46) (4.48) (4.51), along
with the initial condition, Eqs. (4.35)—(4.37), reproduce
perfectly the exact curves for &) m) ¢im g ¢ @ and
& in Figs. 2-4 for f=100. The negligible cross terms
(ELD £ M < 1), which are shown multiplied by 1000 in
Figs. 2 and 3, cannot be reproduced by the above approximate
equations. In addition, as mentioned at the end of Section 4.5,
at low micelle concentrations we have ¢, = t,,, and one of the
presumptions used to derive Eqs. (4.46) (4.48) (4.51) is
violated. In the latter case, one should use the exact solution
of the linear system in Section 4.4 to calculate ¢.(¢), &,,(¢) and
o).

Having determined ¢.(¢) and &,,(¢), one could easily
calculate the perturbation in the monomer concentration,
1=—(B/S)(E.+E,), see Eq. (4.23).
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4.7. Discussion on the limitations of the present theoretical
model

The basic assumption of the model by Aniansson and Wall
[2], is the stepwise kinetic scheme of micelle association and
dissociation, Eq. (2.1), which is used also in the present paper.
Deviations from this kinetic scheme could happen for long
cylindrical (rodlike, wormlike) micelles, which could split to
smaller aggregates, of aggregation number greater than s=1;
see e.g., [44]. Hence, Eq. (2.1) can be used for not-too-large
micelles (spherical and elongated), for which such splitting is
not observed.

Another assumption in [2], which is used here, is the
approximation of the micellar peak with a Gaussian curve; see
Eq. (2.11) and Fig. 1. In fact, every peak could be
approximated with a Gaussian curve, unless it is markedly
asymmetric. Such asymmetric distribution is typical for the
giant cylindrical micelles [45,46], which are out of the scope of
the present study, as discussed above. In principle, asymmetry
in the micellar peak could appear also upon large deviations
from equilibrium. However, the agreement of the theory by
Aniansson and Wall [2] with the experiment [3,47] indicates
that the micellar peak is sufficiently symmetric and can be
adequately described by a Gaussian curve for a wide class of
dynamic processes.

5. Summary and conclusions

The model proposed here represents a generalization of
previous models in the following three aspects. First, we do not
use the simplifying assumption that the width of the micellar
peak is constant during the transport process. Second, we avoid
the use of the quasi-equilibrium approximation, which pre-
sumes that the micelles are in local chemical equilibrium with
the monomers. Third, we reduced the initial set, containing tens
of equations, to a system containing only four nonlinear
differential equations, Egs. (2.15-2.17).

The solution of the latter system gives the following
parameters: (i) the concentration of surfactant monomers,
c1(r, t); (i1) the total number concentration of surfactant micelles,
Cn(r, 1); (ii1) the micelle mean aggregation number, m(r, ), and
(iv) the halfwidth of the micellar peak, o(r,?). The general set
of four equations could be applied to solve various problems,
like the relaxation problem in the case of a spatially uniform
perturbation (due to jumps in pressure temperature or concen-
tration), or the problem about the kinetics of adsorption from
micellar solutions, and the respective dynamic surface tension.

To derive the basic system of four differential equations
(Section 2) we imposed the natural requirement that the model
Gaussian curve (describing the micellar size distribution) must
be equivalent to the real micellar peak with respect to the total
micelle concentration, mean micelle aggregation number, and
micelle polydispersity, i.e., with respect to the position, height
and width of the micellar peak (Fig. 1). In the case of small
deviations from equilibrium, all equations can be linearized.
The respective linear system, Eqs. (3.3)—(3.6), is derived in
Section 3.

In Section 4 we apply the derived system of equations to
describe the relaxation of small uniform bulk perturbations.
The theoretical analysis implies that the relaxation of the three
basic parameters, the micelle concentration, C,,, the mean
aggregation number, m, and the polydispersity, o, are
characterized by three distinct relaxation times: ¢, t,,, and ¢,
see Egs. (4.10), (4.19) and (4.20). The first two of them, ¢, and
t,, coincide with the conventional slow and fast micellar
relaxation times [2,42]. The third relaxation time, ¢, is close to
t,, for low micelle concentrations, but at high micelle
concentrations we have ¢.>t,>t,,. The interplay of the three
relaxation processes is illustrated in Figs. 2—4. Asymptotic
analytical expressions, viz. Eqs. (4.46) (4.48) (4.51), are
derived for the typical case t.>1t, >1t,,. These asymptotic
equations indicate that the relaxation of C,, is affected by ¢.
alone; the relaxation of m is affected by both ¢, and ¢,,, while
the relaxation of m is affected by ¢, and ¢,,. This result is in
agreement with previous experimental studies, which are based
on measurements of ¢;, C,, and m, and establish the existence
of two relaxation times: ¢, and ¢,,. In addition, the developed
model (Section 4.4) describes also the case of low micelle
concentrations (ff = 1), where ¢, and ¢,, have the same order of
magnitude, and where the third relaxation time, ¢, should be
taken into account when interpreting experimental data; see
Fig. 4c and the related text.

Our analysis indicates that if the relaxation time of
micelle polydispersity, ¢, , is measured, one could indepen-
dently determine the demicellization rate constant, k., by
using Eq. (4.20). Moreover, it turns out that the existence of
a third relaxation time, 7,, has an essential impact on the
kinetics of adsorption from micellar solutions. Qualitatively,
this is understandable, because the broadening or narrowing
of the micellar peak must be accompanied by uptake or
release of surfactant monomers. The respective quantitative
analysis of the adsorption dynamics demands additional
theoretical work, which is reported in the second part of this
study [40].

Finally, it is worthwhile noting that simple, but accurate
analytical expressions are available for calculation of the three
relaxation times, Eqs. (4.42)—(4.45); see Table 1, and for
describing the evolution of a micellar system: Egs. (4.46)
(4.48) (4.51); see Figs. 2—4.
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Appendix A. Derivation of some equations in Section 2

Using the Gaussian distribution, Eq. (2.11), and replacing
the sum with integral, we derive:

- Cn (s—m)? Cn /°° ( s )
Cy—=——7— exp|— ~ ex -
Z © V2no ; p[ 202 V2o J - P 202

x ds = Cpy (A.1)
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Likewise, we obtain Eq. (2.13):
Zsc = i(s—m)exp —M
s=n, ' 27—50— S=n; 202
© 2
e S 00

S=n,

~mCp, (A2)

27w

To derive Eq. (2.14), we are using the substitution y=s —m

iﬁc: o /w(y+m)ze><p(—i>dy
oy ' V216 207

Cim * 2 y2>
=— ex dy + m*Cy,
27‘50’[00y p( 202 ”

= (02 + mz)Cm

(A3)

Using the assumption for equal dissociation rates, k, =k,
for s >n,, from Egs. (2.7) (2.8) (2.12) (2.19), we obtain:

Imo = Z (kjclcs,l — klgcs)

S>ny

CYC
=k, E ( 1 ey — cs>
Cl,eqCs—1,eq

s>ny

[ < Cs.e
~ km E o c—1 — Cn
Cleq s>y Cs—1,eq

Further, the three concentrations appearing under the sign of
the latter sum are substituted from Eq. (2.11):

(A4)

2
Cs,eq S - meCI)
s>, cs—l,eq s>, 202
2 2
(s—l—zmeq) _(s—l;m) (A5)
Zaeq 20

Next, we substitute n=s — 1 —m, and bring the latter sum
into the form:

2 2
Ch exp (O‘ — O _m- meq)
4 2
\2no 206q 0%

o* — a§ m — me
~ Cmexp< S5t 4 _ 72 a (A.6)
eq

Substituting the latter result into Eq. (A.4), we obtain Eq.
(2.20). In analogy with Eq. (A.4), using Egs. (2.7) (2.8) (2.13)
(2.19), we derive:

Jai = Y s(kferee = kyes)

S>n;

o0
[ a Cse
=~k g s—2 o —mCy
Cleq g Cs—legq

(A7)

Again, the three concentrations appearing under the sign of
the latter sum are substituted from Eq. (2.11), and n=s —1—m
is introduced. Thus, we obtain a counterpart of Eq. (A.6):

< Cseq
S ———C_1
s>n; Cs—leq

02 — o*ﬁ m—m
q eq
X exp< 208, -T2 (A.8)
Substituting the latter result into Eq. (A.7), we arrive at Eq.
(2.21). To derive Eq. (2.28), we will use a proof by
mathematical induction. For s=2, Eq. (2.28) reduces to:

2
13 c J
Creq c21 ke (A9)
€q l,eq 2 C2.eq
which is equivalent to
3
J=kaga— —kha=kd-kao (A.10)
c?

1,eq

At the last step we applied Eq. (2.8). In view of Eq. (2.7),
Eq. (A.10) is satisfied, because it is a special case of Eq. (2.7)
for s= 2. Next, assuming that Eq. (2.28) is valid for s= 2,
3,...,n—1, our aim is to prove that Eq. (2.28) is valid also for
s=n (n <n,). From Egs. (2.7) (2.8) (2.27), for s=n, we obtain:

e ke, J e J (A1)
Cneq Ky Cneq kyCneq  CleqCn—leq Ky Cneq

In the latter equation, we substitute ¢,,_;/c,_1,eq from Eq.
(2.28) for s=n — 1. As a result, we obtain:

n—3 i

e _ cl A ci 1 B J
i — —
Cneq Cleq Cleq =0 Cleq knflficn—l—iﬁeq kn Cn.eq
-2 i
ct — < 1 J
o Tk e
Cleq J=T Cleq knfjcnfjaﬂ] ky Cneq
n n=2 _j
c c 1
= nl —J g l—lkfi (A.12)
Cleq =0 Cleq n—jCn—j.eq

where we have substituted j=i+1. Hence, Eq. (2.28) is valid
for all values of s, for which Eq. (2.27) holds, i.e., for
2<s<n,.

Appendix B. Derivation of some equations in Section 3

Using Eq. (3.1), we obtain the linearized version of Eq.
(2.16) in the form:

dm dC,;
Pt e —P 4 VoLyy = 10 + I

C
dr

m,eq? (Bl)
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Next, we multiply Eq. (3.4) by m.q and subtract the result
from Eq. (B.1). Thus we obtain Eq. (3.5). Furthermore,
substituting Eq. (3.1) into Eq. (2.17), and expanding in series
for small perturbations, we get:

dop
4 dy

dCn, dm
(mgq + agq) 2 21eqCmeq . + 205qCim

+ Vi = n3J = Jno + 21 (B.2)

To eliminate the perturbations Cy, , and m,,, we multiply Eq.
(3.4) by mezq-l-aezq and Eq. (3.5) by 2m.,, and subtract the
results from Eq. (B.2). In this way we derive Eq. (3.6).

Setting s=n, into Eq. (2.11), we obtain:

2
Cpooq = Cineq exp| — (e — meq) (B.3)
K 27,

A substitution of Eq. (B.3) into the right-hand side of Eq.
(2.32), after some transformations, yields:

2
Cin0eq (nr — meq) (ny — m)2 B n:Clp
exp > — 5 ~] +—=
Cneq 2aeq 20 Cleq
- RJ (B.4)
where we have introduced the notation:
nr72 1 ny 1
R= = = - (B.5)
; kn,—icnri-eq j:zz kj Cleq

At the last step, we made the replacement j=n,—i. We
recall that J represents a perturbation, and for this reason the
equilibrium value of the sum in Eq. (2.32) has been taken.
Finally, in Eq. (B.4) we expand in series for m —m, and
0 — 0¢q. As a result, we obtain Eq. (3.9).

Appendix C. Matrix elements in Section 4

The relaxation of a uniform perturbation of a micellar
solution is described by the linear system of Eq. (4.29). All
elements of the matrix a; can be expressed in terms of the
system parameters given in Eq. (4.32). It is convenient to
introduce the following auxiliary parameters:

0 Meq Smeqagq
y €q ﬂ 5 o—eq s Q ( €q EQ) S > ‘m Smeq n Ggqﬁ

(C.1)

In fact, 7,, represents the dimensionless relaxation time of
the micelle mean aggregation number, m; see Eq. (4.45). Then,
the matrix elements are expressed as follows:

Aee = 7(Q+l)y;acm:(W27Q)y (C'Z)

o= — (W = 1)yidye = —Za,. — p .

a (W = 1)y: ame ee = Gy (C3)
w 1

Amm = _?acm_a (C4)

w 1
Ape = — e + ) (CS)
OeqMeq
deo B
o = 1) 4+ —— .
e = 5O+ )t (o)
Aem | z
om = -1 C.7
“ 2 (W ) * 20eqTm (C.7)
. y ) 1 2 1 + 40%(] C 8
e = =5 (w* —1) 27, (C8)

To determine the three dimensionless characteristic relaxa-
tion times, one should substitute Egs. (C.2) (C.3) (C.4) (C.5)
(C.6) (C.7) (C.8) into Eq. (4.31), and then to solve the cubic
equation, Eq. (4.30).

Alternatively, because this is a standard problem for
determining the eigenvalues, 4., 4,,, and 1, and eigenvectors,
£, £ and £, of the matrix aij, one could use some
available program package. For example, the program “Math-
ematica 5.0” provides a module “Eigensystem” for the
calculation of the eigenvalues and the components of the
eigenvectors, ;). Another module, ‘LinearSolve”, could be
applied to calculate the coefficients X, which appear in Eq.
(4.38). This, in principle, solves the problem.
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