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CHAPTER  10

MECHANICS OF LIPID  MEMBRANES  AND  INTERACTION  BETWEEN  INCLUSIONS

A bilayer lipid membrane cannot be simply modeled as a thin liquid film because the
hydrocarbon-chain interior of the membrane exhibits elastic behavior when its thickness is
varied. The hybrid mechanical behavior of a lipid bilayer (neither liquid nor bulk elastic body)
can be described by means of a mechanical model, which treats the membrane as a special
elastic film (the hydrocarbon chain interior) sandwiched between two Gibbs dividing surfaces
(the surface polar-headgroup layers of the membrane). The latter “sandwich” model involves
mechanical parameters such as the shear elastic modulus of the hydrocarbon chain interior, the
bilayer surface tension, stretching (Gibbs) elasticity, surface bending moment and curvature
elastic moduli. A mechanical analysis of the bilayer deformations enables one to derive
expressions for the total stretching, bending and torsion (Gaussian) moduli of the membrane as
a whole in terms of the aforementioned mechanical parameters of the model.

Inclusions in a lipid membrane (like membrane proteins) cause deformations in the bilayer
surfaces accompanied by displacements in the membrane hydrocarbon interior. The presented
mechanical model provides a set of differential equations, which could have both monotonic
and oscillatory solutions for the membrane profile. In the case of not-too-low membrane
surface tension the shape of the membrane surfaces is governed by an analogue of the Laplace
equation of capillarity. The theory of the lateral capillary forces, presented in Chapter 7, is
extended and applied to describe the interactions between two inclusions in a lipid membrane.
The range of the obtained attractive force turns out to be of the order of several inclusion radii.
The magnitude of interaction is estimated to be sufficient to bring about aggregation of the
inclusions. The theoretical predictions are consonant with the experimental observations,
although more reliable data about the membrane mechanical parameters are needed to achieve
an actually quantitative comparison. The presented mechanical model of lipid membranes can
be helpful for the theoretical description and interpretation of various processes involving
bilayer deformations and interactions between protein inclusions.
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10.1. DEFORMATIONS IN A LIPID MEMBRANE DUE TO THE PRESENCE OF INCLUSIONS

The integral (transmembrane) proteins, having a relatively rigid structure, create some

deformations in the surrounding lipid membrane (Fig. 10.1). The overlap of such two deformed

zones is expected to give rise to a membrane (lipid) mediated protein-protein interaction, as it

is for particles confined into a liquid film (Chapter 7) or floating on a liquid interface

(Chapter 8). Actually, the experiment shows that some integral proteins can form two-

dimensional ordered arrays in native membranes [1-6], which can be attributed to interactions

of this kind. Although the physical basis of the interactions between inclusions in liquid films

and in lipid membranes is similar (overlap of deformations), the formalism developed in

Chapters 7 and 8 for liquid interfaces and films cannot be directly applied to the case of lipid

membranes, because of their more complicated mechanical properties. Some elastic properties

of the membrane interior and surfaces should be taken into account to develop an adequate

mechanical model of a lipid bilayer. For review on membrane properties see Refs. [6-8].

Fig. 10.1. The hydrophobic thickness of an inclusion (transmembrane protein) can be (a) greater or
(b) smaller than the thickness of the non-disturbed phospholipid bilayer. The overlap of the
deformations around two similar inclusions gives rise to attraction between them. In the case
of dissimilar inclusions (c) repulsion is expected.
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A variety of theoretical models have been proposed to describe the properties of phospholipid

bilayers [9-18]. Generally, two types of models can be distinguished. The first type includes

molecular models explicitly accounting for the lipid-lipid interactions (of van der Waals,

electrostatic and steric origin) as well as for the configurational entropy of the hydrocarbon

chains [11,13]. Similar are the mean-field models based on calculation of the energy and

entropy of a given lipid molecule by averaging over all possible chain configurations of its

neighbors [9,10,12]. These models give predictions about the elastic constants, spontaneous

curvature, chain order parameter, etc. Two essential conclusions can be drawn from these

studies: (i) the CH2-group density and ordering are rather uniform across the membrane

[10,12,13] and (ii) the lipid hydrocarbon tails strongly interact with each other and create

significant mechanical stresses in the membrane interior.

The second type of phenomenological models [11,14-18] allows one to calculate the variation

of the membrane shape, energy, etc., around a given non-perturbed state using some

phenomenological relationships and parameters, such as interfacial tension, stretching and

bending elastic moduli, spontaneous curvature of the constituent lipid monolayers, elasticity of

the hydrocarbon core, and others.

An approach to the lipid-mediated interactions between the membrane proteins, based on the

calculation of the chain interaction energy and entropy, has been developed in several works

[9,19-21]. This theoretical approach is related to the experimental findings that proteins

incorporated in membranes perturb the neighboring lipid molecules [22-24], and especially

affect the fluidity of their hydrocarbon chains. However, experiments performed by means of

ESR and NMR methods demonstrated that the degree of ordering and fluidity of the

hydrocarbon chains of lipid molecules bound to membrane proteins is not very different from

those of unbound molecules [25-27], in contract with the initial hypotheses [9,19].

Other idea about the origin of the membrane-mediated interactions between inclusions stems

from the experiments by Chen and Hubbell [28], who have observed aggregation of the

transmembrane protein rhodopsin in cases in which there has been a mismatch between the

width of the hydrophobic belt of the protein and the thickness of the hydrophobic interior of the

lipid bilayer, see Fig. 10.1b. These results imply that the perturbation of the bilayer thickness in
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a vicinity of an incorporated protein may give rise to protein-protein attraction. This effect was

studied both experimentally [29-34] and theoretically [35-41]; see Ref. [6] for a recent review.

Lewis and Engelman [30] showed that bacteriorhodopsin forms aggregates in the membrane of

vesicles (prepared from lipids of different chain length) only when the mismatch is greater than

1 nm for thinner bilayers (Fig. 10.1a) and 0.4 nm for thicker bilayers (Fig. 10.1b). Likewise,

protein aggregation at considerable hydrophobic mismatch was detected with other natural

proteins [29,31,32,34] and synthesized polypeptides [31]. As noted above, if two different

protein inclusions create mismatches of the opposite sign, see Fig. 10.1c, then repulsion

between the inclusions is expected [42].

Dan et al. [38] proposed a relatively simple phenomenological description, which models a

lipid bilayer as two identical tensionless surfaces separated at a distance equal to the local

bilayer hydrophobic thickness; see also Refs. [39-41]. Each of these surfaces models a

tensionless monolayer, which possesses its own bending elasticity (stiffness) and spontaneous

curvature. At a first glance this model, related to the theory of the smectic liquid crystals [43],

completely disregards the elastic properties of the membrane interior, however, a closer

inspection (see Appendix 10A) shows that the latter effect is implicitly accounted for by the

surface free energy. The model by Dan et al. gives predictions about the membrane shape and

the interaction between two protein inclusions; generally both the calculated shapes and

interaction turn out to be non-monotonic (oscillatory) [38,40]. The comparison between theory

and experiment can be realized through the radial correlation function of the protein

distribution throughout the membrane, which is simultaneously liable to measurement and

calculation, once the interaction potential is available [40]. Unfortunately, for the time being it

is not possible to achieve an actually quantitative comparison between theory and experiment

because (i) there are no appropriate experimental sets of data and (ii) the values of the model

parameters are not certainly known.

The conclusions that the lipid hydrocarbon tails in a bilayer are subjected to substantial

mechanical stresses [10,11,13,44] does not contradict the experimental fact that usually the

total tension of a lipid bilayer, �b, is rather low (�b << 1 mN/m). The low value of �b is due to

the fact that considerable negative (compressing) stresses, localized at the membrane�water

interfaces, are almost completely counterbalanced by strong positive (stretching) stresses in the
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hydrocarbon-chain region, which are even able to cause conformational changes in the

imbedded proteins [44]. One could expect an impact of this internal non-uniform stress

distribution (neglected in Refs. [38-40]) on the lipid mediated protein-protein interaction. This

was a part of our motivation to propose in Ref. [45] an appropriate “sandwich” model of the

lipid membrane, which is presented in the next Section 10.2, and further applied to describe the

bilayer shape (Section 10.3) and the lateral force between two inclusions (Section 10.4).

10.2. “SANDWICH” MODEL OF A LIPID BILAYER

10.2.1. DEFINITION OF THE MODEL; STRESS BALANCES IN A LIPID BILAYER AT EQUILIBRIUM

A lipid bilayer drawn to scale is shown in Fig. 10.2. One can distinguish a hydrophobic

hydrocarbon chain region sandwiched between two hydrophilic regions of the lipid polar

headgroups. Recent studies [6, 46] indicate that the headgroup region can be more voluminous

than it is depicted in Fig. 10.2. It is generally accepted that from a mechanical viewpoint a lipid

bilayer behaves as a two-dimensional viscous fluid at body temperature. This two-dimensional

fluidity is manifested when inclusions are moving throughout the membrane [47]. On the other

hand, the bilayer exhibits elastic properties in processes of dilatation or bending, both of them

being accompanied by extension or compression of the hydrocarbon chains of the lipids.

Fig. 10.2.  A lipid (lecithin) bilayer drawn to scale; after  Ref. [50].
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In other words, a bilayer can exhibit different rheological behavior (fluid, elastic or hybrid)

depending on the mode of deformation. This is not surprising, because a bilayer is neither a

three-dimensional, nor a two-dimensional continuum and the hydrocarbon region is neither an

isotropic liquid, nor a solid.

The generally accepted theoretical model treats a thin liquid film as a liquid layer confined

between two Gibbs dividing surfaces, whose interaction is accounted for by an excess

disjoining pressure (surface force per unit area) [48-50].

In Ref. [45] the thin-film approach has been extended to phospholipid bilayers (membranes).

The hydrocarbon interior of the bilayer has been mechanically described as an elastic medium

(rather than as a liquid), which is sandwiched between two Gibbs dividing surfaces modeling

the two head-group regions, cf. Fig. 10.2. As already mentioned, in this chapter we present the

description of the stresses in a lipid membrane provided by this sandwich model, as well as its

application to quantify the interaction between two inclusions (like those depicted in Fig. 10.1).

Every deformation represents a change in the state of the bilayer with respect to some initial

reference state. Following Ref. [45] we will consider the reference state to be a plane-parallel

bilayer, formed as a result of self-assembly of lipid molecules. Due to the specific state of their

hydrocarbon chains built into the bilayer, some internal stresses exist in the chain region

[10,11,13,44]. They can be modeled by stresses in an elastic medium. In analogy with the

micromechanical  approach to the interfaces and thin films, see Eq. (1.4), one can express the

pressure tensor in the chain region in the form

zzNyyxxT PP eeeeeeP ��� )(  , (10.1)

see Fig. 10.3 for the notation. As in the case of thin liquid films the bilayer (film) surface

tension � can be defined as an excess with respect to the tangential component of the pressure

tensor [51]:
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where h is the thickness of the hydrocarbon chain region, PT
real  is  the  tangential  component  of
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Fig. 10.3. Force balances in the reference state of a lipid bilayer modeled as an elastic medium; PN and
PT are the normal and tangential components of the pressure tensor exerted on an element of
the medium (the inset). Normal balance: the outer pressure P0 is counterbalanced by the sum
of PN and the disjoining pressure �. Tangential balance: the total bilayer tension �b is a
superposition by the compressive surface tension � at the membrane surfaces and the
repulsive effect of the stresses in the bilayer interior, (PT

 
�

 P0)h, where h is the thickness of
the hydrophobic core; ex, ey, and ez are the unit vectors of the coordinate axes.

the real pressure tensor and P0 is the pressure in the bulk of the aqueous phase; PN and PT are

attributes of the model, which can be determined as follows [45]. At equilibrium the force

balance per unit area of the membrane surface is (see Fig. 10.3)

P0 = PN + � (10.3)

where, as usual, � is the disjoining pressure accounting for the excess molecular interactions

across the film [48-51]. Since the hydrocarbon chain region is a non-polar medium, one can

expect that the value of � will be determined mostly by the attractive van der Waals

(dispersion) surface force, i.e.

� = � 3
H

6 h
A
�

(10.4)

where AH is the Hamaker constant see Chapter 5 and Refs. [49,50,52]. For a hydrocarbon film

in water AH � 10�20 J [50]; then with h = 3 nm one obtains � � �2 � 104 Pa. Using the value

P0 � 105 Pa (the atmospheric pressure), from Eq. (10.3) one estimates PN � 1.2 � 105 Pa [45].
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In addition to the normal force balance, Eq. (10.3), we consider also the tangential force

balance. As seen in Fig. 10.3, the stresses acting in lateral direction are related to � and PT. The

total tension �b characterizes the bilayer as a membrane of zero thickness intervening between

two aqueous phases of pressure P0. Then in view of Fig. 10.3 one can write [45]

�b = 2� + (P0 � PT)h (10.5)

Equation (10.5) is in fact a form of the Rusanov equation, which has been originally derived for

a thin liquid film [53]. The substitution of Eq. (10.2) into (10.5) yields

�b = � �
��

��

� dzPzPreal
T ])([ 0 (10.6)

Equation (10.6) shows that �b does not depend on the parameters of the model, such as the film

thickness h. On the other hand, � and PT depend on the specific definition of the model.

However, once this definition has been made, all parameters have well defined values for a

given state of the real system. Such a situation is typical for the thermodynamics of thin liquid

films [51].

One possibility to specify the model is to identify the bilayer surface tension � with the

interfacial tension of a lipid adsorption monolayer on a hydrocarbon-water interface at the

same temperature, composition of the aqueous phase and area per lipid molecule as for the

bilayer [45]. Indeed, the surface tension of the bilayer � is expected to depend mostly on the

interactions in the polar head-group region (Fig. 10.2) and to be insensitive to the state of the

hydrocarbon interior. Actually, the experiments with dense lipid monolayers on hydrocarbon-

water interface show that the interfacial tension does not depend on the length of the

hydrocarbon chains of the lipids at varying area per molecule [54]. Therefore, identifying the

surface tension of the bilayer, �, with the interfacial tension of the respective monolayer at an

oil�water interface, one subtracts the contribution from the interactions in the head-group

region from the total membrane tension, �b, and consequently, attributes the excess stresses in

the chain region to the tangential stress PT:

(P0 � PT )h = �b � 2� (10.7)
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see Eq. (10.5). In other words, having once �  defined, Eq. (10.7) determines the other

parameter of the model, PT. Often the lipid membranes are flaccid and their tension �b is rather

low: �b << 2� ; this is usually quoted as the tension free state [15]. Equation (10.7) gives a

simple interpretation of the tension free state (�b�0), viz. the lateral compressing force (per

unit length) in the two head-group regions of the bilayer, 2� (which is mostly due to the

tendency to decrease the area of hydrocarbon-water contact), is counterbalanced by the lateral

repulsive stress in the chain region, (PT � P0)h [44,45].

As a numerical example let us take the experimental value � = 14 mN/m from Ref. [54] for

area 67 Å2 per molecule of 1,2-distearoyl lecithin monolayer at the heptane-water interface. For

a flaccid lipid bilayer

PT � P0 + 2� / h (�b << 2� ) (10.8)

Then taking again P0 � 105 Pa and h = 3 nm, one calculates PT � 9.4 � 106 Pa  [45].

An inclusion (like these depicted in Fig. 10.1) generates deformations (strains) and creates

additional stresses in the surrounding portion of the lipid membrane. As mentioned earlier, the

overlap of the deformations caused by two inclusions is expected to give rise to a lateral force,

which is analogous to the capillary immersion force described in Chapter 7. The difference

with the common immersion force stems from the complicated rheology of the lipid

membrane: neither liquid film nor elastic plate. A natural approach to the mechanics of such

complex body is to use different constitutive relations (connecting stress and strain) for the

different independent modes of deformation. The displacement vector u can be expressed as a

sum of components due to the independent modes [45]:

u = ustretching + ubending + usqueezing (10.9)

In the cases of uniform stretching and bending the bilayer behaves as an incompressible elastic

body. However, in the case of a “squeezing” (peristaltic) deformation, which consists in a

variation of bilayer thickness at immobile bilayer midplane (like it is in Fig. 10.1), the two-

dimensional fluidity of the lipid membrane shows up, see Section 10.3 below. In the next two

Sections, 10.2.2 and 10.2.3, following Ref. [45] we will consider briefly the modes of  uniform
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Fig. 10.4. The uniform stretching of a lipid bilayer results in a change of the shape of the hydrocarbon
portion of each molecule (sketched as rectangle) at constant volume; after  Ref. [45].

stretching and bending. Further, in Section 10.3, we pay special attention to the squeezing

mode, which is related to the lateral interactions between membrane proteins.

10.2.2. STRETCHING MODE OF DEFORMATION AND STRETCHING ELASTIC MODULUS

Deformation of uniform stretching is presented schematically in Fig. 10.4. Each rectangle

symbolizes the hydrocarbon portion of a lipid molecule, which is considered as an

incompressible elastic body; the shadowed circles symbolize the headgroups. Lateral slip

between the neighboring “rectangles” is allowed, which reflects the two-dimensional fluidity of

the bilayer. The stretching results in a change of the shape of the hydrocarbon portion of each

molecule at constant volume (Fig. 10.4). This deformation is not accompanied with a lateral

slip between the neighboring lipid molecules. Therefore, in this case the two-dimensional

fluidity does not show up and the hydrocarbon interior of the membrane can be treated as an

elastic medium, see e.g. Ref. [55].

Let us denote by �PN and �PT the changes in PN and PT, which are due to the stretching of the

bilayer. Following Chapter 5 of the book by Landau and Lifshitz [55] for a deformation of

uniform stretching one can derive

�xx = �yy = � �PT ;                    �zz = � �PN , (10.10)

where �ij  (i,j = x, y, z) are components of the stress tensor (the stress equals the negative

pressure by definition). The components of the strain tensor are defined as follows [55]:

uij = 
�
�

�

�

�
�

�

�
�

j

i

i

j

x
u

x
u

�

�

�

�

2
1 , (x1 = x,  x2 = y,  x3 = z) (10.11)



Chapter 10436

where ui (i = x, y, z) is a component of the displacement vector u. For an elastic body the

connections between strain and stress are given by Eq. (4.8) in Ref. [55], which in view of our

Eq. (10.10) acquires the form [45]:

uzz = �
e9

1
K

(�PN + �PT) � 
�3
1 (�PN � �PT) (10.12)

uxx = uyy = �
e9

1
K

(�PN + �PT) + 
�6
1 (�PN � �PT) (10.13)

Here Ke is the elastic compressibility modulus and � is the coefficient of shear elasticity. For a

liquid-like medium Ke >> �, i.e. such a medium can be regarded as being incompressible. In

addition, the terms (�PN � �PT) and (�PN + �PT) have the same order of magnitude (it turns

out that |�PT | >> |�PN |, see Ref. [45] for more details). Hence the terms proportional to 1/Ke in

Eqs. (10.12)�(10.13) can be neglected:

uxx = uyy = �
2
1  uzz = 

�6
1 (�PN � �PT) (10.14)

The components of the strain tensor determined by Eq. (10.14) obey the incompressibility

condition ��u = 0, which in view of Eq. (10.11) takes the form uxx + uyy + uzz = 0. Further, let A

and �A be the area of the bilayer and its change in the course of deformation. Then the relative

dilatation (stretching) of the bilayer is [45]

� 	 �A/A = uxx + uyy (10.15)

Likewise, the relative change in the thickness is

�h/h = uzz = �� , (10.16)

where we have used the incompressibility condition. The stretching elastic modulus of the lipid

bilayer (membrane) Ks is defined by the relationship [15]

��b = Ks� (10.17)

where ��b is the increment of the membrane tension �b due to the dilatation �. To obtain an

expression for Ks in the framework of the “sandwich” model we differentiate Eq. (10.5):

��b = 2�� + (P0 � PT)�h �h�PT (10.18)

The differentiation of Eqs. (10.3) and (10.4) yields �PN = ��� = 3��h/h = �3��, see Eq.

(10.16). Then from Eqs. (10.14) and (10.15) one obtains
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�PT = �PN � 3�� = �3(� + �)� (10.19)

Further, in linear approximation one can write

�� = EG� (10.20)

where EG is the Gibbs elasticity of a lipid monolayer, cf. Eq. (1.45) and Table 1.2. Finally, in

Eq. (10.18) we substitute �� from Eq. (10.20), (P0 � PT) from Eq. (10.8), �h from Eq. (10.16)

and �PT from Eq. (10.19); as a result we obtain Eq. (10.17) in which Ks is determined by the

following expression [45]:

Ks = 2� + 2EG + 3�h + 3�h         (stretching elastic modulus)       (10.21)

The term 2� + 2EG in Eq. (10.21) accounts for the elastic response of the two membrane

surfaces, whereas the term 3�h + 3�h represents a correction related to the internal

hydrocarbon chain region. Using the numerical values given after Eq. (10.4) one estimates

3�h � 0.18 mN/m, which is much smaller than the total value of Ks, which can be of the order

of 100 mN/m. Fernandez-Puente et al. [56] estimated that the elasticity of the chain region

contributes about 20 mN/m to the total stretching modulus Ks. If one can identify this

contribution with the last term in Eq. (10.21), that is 3�h = 20 mN/m, then with h = 3.6 nm one

calculates � � 2 � 106 Pa [45].

It should be noted that Eq. (10.17) describes the direct dilatation of the membrane. However,

the real flaccid lipid membranes are corrugated by thermally excited undulations (capillary

waves), and most frequently the average (projected) area of the membrane can be

experimentally measured, see e.g. Ref. [57]. The projected area is predicted to increase through

superposition of two dilatory effects: (i) suppression of the thermal undulations and (ii) direct

elastic stretch of the molecular surface area; the corresponding generalized form of Eq. (10.17)

reads [58]:

� = 
tk

kT
�8

 ln(1 + A��b /4
kt) + ��b /Ks (10.17a)

where A is the membrane area, �  is the dilatation of the projected membrane area and kt is the

total bending elastic modulus of the membrane as a whole (see the next Section 10.2.3). The

experiment [57] confirms that for smaller dilatation (say � < 0.02) ln(��b) is a linear function
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of � as predicted by Eq. (10.17a), whereas for larger deformations (say 0.02 < 
�

 < 0.05) ��b

grows linearly with � in agreement with Eq. (10.17); for � > 0.05 the lipid membrane usually

breaks. Equation (10.17a) describes the transition from “logarithmic” to “linear” regime of

dilatation.

10.2.3. BENDING MODE OF DEFORMATION AND CURVATURE ELASTIC MODULI

We consider flexural deformations of a lipid bilayer (membrane) under the condition for small

deviations from planarity. In such a case the work of flexural deformation per unit area, �wb,

can be expressed in terms of the Helfrich [59] phenomenological expression

�wb = 2kt H2 + tk K (10.22)

Here kt is the bending elastic modulus of the bilayer as a whole; tk  is torsion or Gaussian

curvature elastic modulus, H and K are the mean and the Gaussian curvatures of the bilayer

midsurface, see Section 3.1.2 for details.

Below, following Ref. [45], we derive an equation of the type of Eq. (10.22) using the

“sandwich” model of the lipid membrane, and then comparing the coefficients multiplying H2

and K we obtain expressions for the curvature elastic moduli kt and tk . In the framework of this

model �wb can be presented in the form

�wb = �ws + �win , (10.23)

where �ws and �win are contributions due to the bilayer surfaces and bilayer interior (chain

region), respectively. The latter two contributions are considered separately below.

The flexural deformation of the bilayer interior can be characterized by the equation of

the shape of the bilayer midplane:

z = �(x,y), (10.24)

see Fig. 10.5. The initial state is assumed to be a planar bilayer, like those depicted in Fig. 10.4.

The bending of the hydrocarbon chain region will transform the “rectangles” in Fig. 10.4 into

the “trapezia” in Fig. 10.5. The bilayer subjected to such deformation cannot exhibit its two

dimensional fluidity (viscous slip between chains of neighboring lipids).  For  that  reason  the
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Fig. 10.5. Bending deformation of an initially planar lipid bilayer of thickness h; z = �(x,y) is the
equation describing the shape of the bilayer midsurface after the deformation.

chain region can be treated as an incompressible elastic medium (elastic plate) when

considering a purely flexural deformation [45]. Then one can use directly the expressions for

the components of the strain tensor (in linear approximation) derived in Ref. [55], see Eq. (1.4)

therein:

uxx = �z 2

2

x�
��  ; uyy = �z 2

2

y�
��  ; uxy = �z

yx��

�� 2
 ; (10.25)

uxz = uyz = 0, uzz = z �
�
�

�
�
�
�

�
� 2

2

2

2

yx �

��

�

�� (10.26)

The relative dilatation of the lower and upper bilayer surfaces, �1 and �2, and the change in its

thickness, �h, are related to the components of the strain tensor by the expressions [45]:

�1 = (uxx + uyy) 2/hz ��

; �2 = (uxx + uyy) 2/hz ��

; �
�

��

2/

2/

h

h
zz dzuh (10.27)

Substituting uxx, uyy and uzz from Eqs. (10.25)�(10.26) into Eq. (10.27) one obtains

�2 = ��1
 , �h = 0 , (10.28)

which means that the lower surface is extended, the upper surface is compressed and the

membrane thickness does not change (in linear approximation) during the considered flexural

deformation. The stress tensor for an incompressible isotropic elastic medium is [55]

�ij = 2� uij (i, j = x, y, z) (10.29)

where, as usual, � is the coefficient of shear elasticity. The free energy per unit area of the

bilayer is given by a standard expression from the theory of elasticity [55]:
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�win = � �
�

2/

2/ ,
2
1

h

h ji
ijij dzu� (10.30)

Next we substitute Eqs. (10.25), (10.26) and (10.29) into Eq. (10.30) and after some

transformations we obtain [60,55]:

�win = 3
2 �h3H2 � 6

1 �h3K , (10.31)

where we have used the fact that in linear approximation the mean and Gaussian curvatures can

be expressed as follows:

22

2

2

2

2

2

2

2

2
;2 �

�
�

�
�
�
�

�
��	�

yxyx
K

yx
H

��

��

�

��

�

��

�

��

�

�� (10.32)

Equation (10.31) gives the sought-for contribution of the bilayer interior to the work of flexural

deformation.

The flexural deformation of the bilayer surfaces is accompanied by a change in the

energy of the system, which can be derived from the thermodynamic expression for the work of

interfacial deformation per unit area [cf. Eq. (3.1)]:

dws = �
� 2,1

[
k

�k d�k + �k d�k + Bk dHk + �k dDk] (10.33)

Here k = 1 for the lower bilayer surface and k = 2 for the upper bilayer surface (Fig. 10.5);

�k and �k are the relative dilatation and shear of the k-th surface; these deformations are related

to the trace and deviator of the two-dimensional strain tensor (u�� 	 d�� t, see Section 4.2.2):

�k = a�� u�� ,          �k = q�� u�� ,         for z = (�1)k h/2            (	, 
 = x, y) (10.34)

(k = 1, 2); a�� is the metric tensor in the respective curved surface, and q�� is its curvature

deviatoric tensor [cf. Eq. (4.14)]:

q�� = (b�� � Hk a��)/Dk (10.35)

where b�� are components of the curvature tensor, Hk = )( )2()1(
2
1

kk cc �  and Dk = )( )2()1(
2
1

kk cc �

are the mean and deviatoric curvatures of the respective bilayer surfaces with )1(
kc  and ck

(2)

being the two principal curvatures; Bk and �k in Eq. (10.33) are the respective surface bending

and torsion moments; �k and �k are the thermodynamic surface tension and shearing tension,
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which are related to the respective mechanical surface and shearing tensions, �k and �k , as

follows [see Eq.(4.81)]:

�k = �k + 2
1 BkHk + 2

1 �kDk , �k = �k + 2
1 BkDk + 2

1 �kHk , (10.36)

In linear approximation Eq. (10.34)�(10.36) considerably simplify. First we note that �h = 0,

cf. Eq. (10.28), and then [45]

�H1 = H2 = H , �D1 = D2 = D , (10.37)

where H and D refer to the bilayer midsurface; the curvatures of the two bilayer surfaces have

the opposite sign because the z-projections of the respective outer surface normals, directed

from the chains toward the head-groups, have the opposite signs. In general, D2 = H2 
�

 K, see

Eq. (3.4); then using Eq. (10.32) in linear approximation one obtains

222

2

2

2

2
2

4
1

�
�
�

�
�
�
�

�
��

�
�

�
�
�
�

�
�	

yxyx
D

��

��

�

��

�

�� (10.38)

Further, in linear approximation the components of the curvature tensor are

b�� = b�� = 
��

�

xx ��

�
2

(x1 = x;  x2 = y) (10.39)

As known (Section 3.1.2), 2H and K, are equal to the trace and determinant of the curvature

tensor b��, cf. Eqs. (10.32) and (10.39). Substituting Eqs. (10.25) and (10.35) into Eq. (10.34)

and using Eqs. (10.32) and (10.37)�(10.39) one can derive [45]

�k = �hHk ; �k = �hDk ; k = 1, 2. (10.40)

Not only the bilayer as a whole, but also its surfaces can be considered as Helfrich surfaces, for

which the energy of flexural deformation (per unit area) can be expressed in the form

wf = 2kc(H � H0)2 + ck K (10.41)

Here kc and ck  are the bending and torsion curvature elastic moduli for the film surfaces; H0 is

their “spontaneous curvature”. Differentiating Eq. (10.41) and using the identity K = H2 � D2

one obtains
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Bk = 
kHHD

f

H
w

�

�
�
�

�

�
�
�

�

��
�

	



�

�

�

�
= B0 + 2(2kc + ck )Hk ,         �k = 

kDDH

f

D
w

�

�
�
�

�

�
�
�

�

��
�

	



�

�

�

�
= �2 ck Dk       (10.42)

where B0 = �4kcH0 is the bending moment of a planar bilayer surface, see Eq. (3.10). The

expressions for Bk and �k in Eq. (10.42) can be considered as truncated power expansions for

low curvature. Of course, B0 cannot depend on Hk , but it can depend on the surface dilatation

�k [45]:

B0(�) = B00 + )( 2

0

0
kk OB

��
��

�

�

��
�

�
�
�

�

�

(10.43)

Next, combining Eqs. (10.40) and (10.43) with Eq. (10.42) we obtain the linear approximation

for the bending moment Bk :

Bk = B00 + (4kc + 2 ck  � 0B� h)Hk ; 0B�  	 
0

0

�

�
�

�
�
�

�

�
��

�B (10.44)

The mechanical surface tension �k also depends on both dilatation and curvature; in linear

approximation one obtains �k = �0 + EG�k + 2
1 B00Hk , where the last term is often called the

“Tolman term”, see Eq. (4.87). Then in linear approximation Eq. (10.36) acquires the form

�k = �0 + EG�k + B00Hk , �k = 2
1 B00Dk , (10.45)

where we have used Eqs. (10.42) and (10.44) and have substituted � = 0 for a fluid interface

(isotropic two-dimensional stress tensor). Further, using Eqs. (10.37), (10.40) and (10.45) we

obtain the contributions from the dilatation and shearing into the work of surface deformation:

2
002

1

02,1

2
00

2

02,1
;)( hDBdHhBhEd

kk

kk
k

Gkk
k

���� ����
��

��

���� (10.46)

Likewise, using Eqs. (10.37), (10.42) and (10.44) we obtain the contributions from the bending

and torsion into the work of surface deformation:

2

02,1

2
0

02,1
2;)24( DkdDHhBkkdHB c

D

kk
k

cc

H

kk
k

kk

������� ����
��

(10.47)

Next, we integrate Eq. (10.33) and substitute Eqs. (10.46)�(10.47); using again the identity

D2 = H2 � K we present the result into the form [45]:
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�ws = [4kc � ( 2
3 B00 + 0B� )h + EGh2]H2 + (2 ck + 2

1 B00h)K (10.48)

Finally, we substitute Eqs. (10.31) and (10.48) into Eq. (10.23) and compare the result with Eq.

(10.22); thus we obtain the sought-for expressions for the curvature elastic moduli of the

bilayer as a whole [45]:

kt = 2kc � ( 4
3 B00 + 2

1
0B� )h + 2

1 EGh2 + 3
1 �h3 (bending elastic modulus) (10.49)

3
6
1

002
12 hhBkk ct ���� (torsion elastic modulus) (10.50)

The first terms in the right-hand sides of Eqs. (10.49) and (10.50), 2kc and 2 ck , obviously stem

from the bending and torsion elasticities of the two bilayer surfaces; the terms with B00h and

0B� h are contributions from the bending moment (spontaneous curvature) of the these surfaces;

the contribution of the surface (monolayer) elasticity 2
1 EGh2 in Eq. (10.49) was first obtained

by Evans and Skalak [15], who derived kt = 2
1 EGh2 by means of model considerations; the term

proportional to �h3 accounts for the elastic effect of the bilayer interior (the hydrocarbon-chain

region).

In Ref. [45] typical parameter values have been used to estimate the magnitude of the

contributions of the various terms in Eqs. (10.49) and (10.50): h = 3.6 nm, EG = 40 mN/m,

� = 3 � 106 Pa, B00 = 7 � 10�11 N, kc = 4 � 10�21 J; to estimate ck  the relationship ck  = � 2
1 kc

from Refs. [61,62] can be used; then ck  � �5 � 10�22 J; finally, 0B�  can be assessed by means of

the connection between B0 and the �V (Volta) potential [62] assuming that the value of 0B�  is

determined mostly by electrostatic interactions [45]:

0B�  	 110 102.3
4

�

���
�

��
��

�

�

�

��

� VVB N (10.51)

At the last step experimental data for the dependence of �V vs. � for dense lipid monolayers

have been used: from Fig. 3 in Ref. [63] one obtains �V � 350 mV, ��V/�� � �323 mV;

dielectric constant � � 32 has been adopted for the headgroup region. [When using Eq. (10.51)

�V must be substituted in CGSE units, i.e. the value of �V in volts must be divided by 300.]
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With the above parameters values one can estimate the magnitude of the various terms in Eqs.

(10.49) and (10.50); below we list their values (� 10�19 J):

kt � 1.83;    2kc � 0.08;    �( 4
3 B00 + 2

1
0B� )h � �1.31;    2

1 EGh2 � 2.59;    3
1 �h3 � 0.47       (10.52)

tk  � 0.99;     2 ck  � �0.04;               2
1 B00h � 1.26;      � 6

1 �h3 � �0.23                              (10.53)

One sees that the value of kt is determined mostly by the competition between the positive

surface stretching elasticity term, 2
1 EGh2, and the negative surface bending moment term

�( 4
3 B00 + 2

1
0B� )h. On the other hand, the value of tk  is dominated by the positive surface

bending moment term, 2
1 B00h. The chain elasticity contribution � �h3 is about 25% of the

magnitude of kt and tk , which is consonant with the discussion in Ref. [56].

In summary, the “sandwich” model provides expressions for calculating the stretching, bending

and torsion elastic constants, Ks, kt and tk  , in terms of the chain elasticity constant � and of the

properties of the respective lipid monolayers at oil-water interface (EG, B00, 0B� , kc, ck , etc.),

see Eqs. (10.21), (10.49) and (10.50). The estimates show that the quantitative predictions of

the model are reasonable, although additional experiments are necessary to determine more

precisely the values of the parameters.

10.3. DESCRIPTION OF MEMBRANE DEFORMATIONS CAUSED BY INCLUSIONS

10.3.1. SQUEEZING (PERISTALTIC) MODE OF DEFORMATION: RHEOLOGICAL MODEL

The deformation of a lipid bilayer around a cylindrical inclusion (say a transmembrane

protein), having a hydrophobic belt of width l0, represents a variation of the bilayer thickness at

planar midplane (Fig. 10.6). Such a mode of deformation corresponds to the squeezing

(peristaltic) mode observed with thin liquid films [64]. This type of deformation appears if

there is a “mismatch”, hc 	 (l0
 
�

 h)/2 � 0, between the hydrophobic zones of the inclusion and

bilayer; here, as usual, h is the thickness of the non-disturbed bilayer far from the inclusion.

The extension of the lipid hydrocarbon chains along the z-axis is greater for molecules situated

closer to the inclusion (Fig. 10.6). The chain region of a separate lipid molecule (one of the
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many small rectangles depicted in Fig. 10.6) exhibits an elastic response to extension-

compression; therefore it can be modeled as a stretchable elastic body of fixed volume. On the

other hand, lateral slip between molecules (neighboring rectangles in Fig. 10.6) is not

accompanied with any elastic effects because of the two-dimensional fluidity of the membrane.

Both these properties are accounted for in the following mechanical constitutive relation for the

stress tensor �ij [45]:

zyxjizzjip
z

u
ijij

z
zz ,,,),(),(,;2 ����� ��

�

�
�� (10.54)

Here ij is the Kroneker symbol, p has the meaning of pressure characterizing the bilayer as a

two-dimensional fluid; uz is the z-component of the displacement vector u; the coordinate

system  is depicted in Fig. 10.6. The above relationship between �zz and �uz /�z is a typical

constitutive relation for an elastic body, cf. Eqs. (10.11) and (10.29). On the other hand, the

tangential stresses �ij (i, j = x, y) in Eq. (10.54) are isotropic as it should be for a two-

dimensional fluid. The condition for hydrostatic equilibrium and the continuity equation yield

[55]:

0;3,2,1,0 ����� uj
xi

ij

�

��
(x1 = x,  x2= y,  x3= z), (10.55)

Fig. 10.6. Sketch of the deformation around a cylindrical inclusion (membrane protein) of radius rc and
width of the hydrophobic belt l0; h is the thickness of the non-disturbed bilayer; � is the
perturbation in the bilayer thickness caused by the inclusion; hc is the mismatch between the
hydrophobic regions of the inclusion and the bilayer; n and ñ are unit vectors normal to the
membrane surface and inclusion surface, respectively; m is unit vector in direction of the
bilayer surface tension.
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where �ij is to be substituted from Eq. (10.54); as usual, summation over the repeated indices is

assumed. In this way, the mechanical problem is formulated: Eqs. (10.55) represent a set of 4

equations for determining the 4 unknown functions ux, uy, uz and p. Below, following Ref. [45]

we present the solution of this mechanical problem.

10.3.2. DEFORMATIONS IN THE HYDROCARBON-CHAIN REGION

Considerations of symmetry imply that uz must be an odd function of z which has to satisfy the

boundary condition

uz = �(x,y)   for   z = h/2, (10.56)

where z = �(x,y) describes the shape of the upper bilayer surface, see Fig. 10.6. Equation

(10.55) for j = z, along with Eq. (10.54), yields

02

2

�

z
uz

�

� (10.57)

Combining Eqs. (10.56) and (10.57) one obtains

uz = 
h
z2  �(x,y) (10.58)

The continuity (incompressibility) equation ��u = 0 can be expressed in the form

�II�uII = 
z

uz

�

�
� (10.59)

where uII is the projection of the displacement vector u in the plane xy and, as usual, �II is the

gradient operator in the same plane:

uII = ex ux + ey uy ; �II = 
yx yx
�

�

�

� ee � (10.60)

One can seek uII in the form [45]

uII = ��II g(x,y,z) (10.61)

where g is an unknown scalar function. The substitution of Eqs. (10.58) and (10.61) into Eq.

(10.59) yields an equation for determining  g :

�
h

g 22
II �� (10.62)
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In addition, substituting Eq. (10.54) into (10.55) for i, j = x, y gives �II p = 0, and consequently

p is independent of x and y.  Further, since �ij expresses a perturbation and the bilayer far from

the inclusion(s) is not perturbed, one can conclude that p is identically zero [45]:

p 	 0 (10.63)

To determine g from Eq. (10.62) one can use the boundary condition of impermeable inclusion

surface [45]:

ñ�uII 	 
n
g
~

�

�
�  = 0 (at the inclusion surface) (10.64)

Here ñ is an outer unit normal to the inclusion surface (Fig. 10.6) and �g/�ñ is a directional

derivative. Additional boundary conditions, which have to be imposed at the surfaces of the

lipid bilayer, are considered below.

10.3.3. DEFORMATION OF THE BILAYER SURFACES

Since the bilayer surfaces are symmetric with respect to a planar midsurface (Fig. 10.6), it is

sufficient to determine the shape z = �(x,y) of the upper bilayer surface. We do not impose any

restrictions on the number and mutual positions of the cylindrical inclusions. The mechanical

description can be based on the theory of liquid films of uneven thickness developed in Refs.

[51,65]. In particular, we will employ the equation for the balance of all forces applied to the

upper surface of such a film (the interfacial balance of the linear momentum) [51,65]:

�s�� � n�(TI � TII)| 2/hz�  + �(ez�n)ez = 0 (10.65)

where � is the surface stress tensor (the usual surface tension is equal to a half of the trace of

�), �s is the two-dimensional gradient operator of the film surface, which is to be distinguished

from the gradient operator �II in the plane xy (the midsurface); n is the running outer unit

normal of the bilayer surface, which can be expressed in the form [65]

n = (ez � �II�)(1 + |�II�
 |2)�1/2 ; (10.66)

TI and TII are respectively the stress tensors inside and outside the bilayer, which can be

expressed in the form [45]:

TI = � PN ez ez � PT UII + � ; TII = �P0U ; (10.67)
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U is the spatial unit tensor, UII 	 ex ex + ey ey is the unit tensor in the plane xy, P0 is the pressure

in the aqueous phase, PN and PT characterize the stresses in a plane-parallel bilayer (see Fig.

10.3), the components �ij of the tensor � are defined by Eq. (10.54); � accounts for the

additional stresses due to the deformation in the bilayer. The disjoining pressure � is due to the

conventional surface forces (like the van der Waals ones), whereas � accounts for the elastic

stresses. The general form of the surface stress tensor is [66,67]

� = a� a� �
�� + a� n��(n) (10.68)

see Eq. (4.26); here and hereafter the Greek indices take values 1 and 2, summation over

repeated indices is assumed, a1 and a2 are vectors of the surface local basis, which at each point

are tangential to the bilayer surface; see Refs. [68,69] about the formalism of differential

geometry; ��� and ��(n) are the respective components of the surface stress tensor; ��(n) are

known as surface transversal shear stress resultants [15]. Next, using Eqs. (10.66)�(10.68) one

can obtain the normal and tangential projections of the vectorial balance, Eq. (10.65), with

respect to the bilayer surface z = �(x,y) [45]:

b���
�� + ��(n)

,� = [(PN � PT)|�II�
 |2 � �](1 + |�II�

 |2)�1 + �0 + n���n (10.69)

�
��

,� � b�

� �
�(n) = (PT � PN � �)(1 + |�II�

 |2)�1/2 �� , + n���a� (
 = 1, 2) (10.70)

As before, b�� are components of the curvature tensor, the comma denotes covariant

differentiation [68,69], and �0 = P0 � PN is the disjoining pressure of the non-deformed plane-

parallel bilayer. The normal projection of the stress balance, Eq. (10.69), presents a

generalization of the Laplace equation of capillarity; it will be used below to determine the

shape of the bilayer surface. The tangential projection, Eq. (10.70), allows one to determine the

variation of the surface tension along the deformed surface; it will be utilized below to

calculate the interaction between two inclusions.

First of all, we transform and simplify the normal projection of the surface force balance,

Eq. (10.69). Because of the two-dimensional fluidity of the lipid bilayer, the surface stress

tensor � must be tangentially isotropic [45]:

�
�� = � a�� (a�� = a�

�a�) (10.71)
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where � is the usual scalar surface tension and a�� are components of the surface metric tensor

[68,69]. Then one obtains

b���
�� = a��b��� = 2H� � � 2

II� � (10.72)

At the last step we have used the fact that in linear approximation (for small �) the mean

curvature is determined by the expression 2H � 2
II� �, cf. Eq. (10.32).  In addition, just as in

Chapters 7 and 9 for small deformations we will expand the disjoining pressure in series

keeping the linear terms:

� = �0 + 2��� + ... ; ��  	 (d�/dh)| 0�� (10.73)

To express the transverse shear stress resultants will employ an equation, which stems from the

surface balance of the angular momentum, see Eq. (4.49) and Refs. [15,66,67,70]:

�
�(n) = �M��,

� (10.74)

Here M�� are components of the tensor of the surface moments (see Section 4.2.3), which can

be expressed as a sum of isotropic and deviatoric parts [70,71]:

M�� = 2
1 (B a�� + � q��) , (10.75)

see also Eq. (10.35). For a Helfrich interface the bending and torsion moments, B and �, are

given by Eq. (10.42); then Eq. (10.75) acquires the form

M�� = [(2kc + ck )H + B0/2]a�� � ck Dq�� , (10.76)

In view of Eq. (10.43) one obtains

B0 � B00 + 0B�� = B00 � (2 0B� /h)� , � = �2� / h ; (10.77)

the last expression for the dilatation � of the bilayer surface follows from Eqs. (10.11), (10.16)

and (10.58). Next, we differentiate Eq. (10.76) with the help of Eqs. (10.35), (10.77) and the

identity b��

,� = 2 �,H  [70]; as a result we obtain [45]

�
�(n) = � ,��

�
M  = �2kc

�,H  + ( ��B 0 /h) �� , (10.78)

Further, we substitute Eqs. (10.54), (10.58), (10.72), (10.73) and (10.78) into the normal stress

balance, Eq.(10.69), to obtain its linearized form [45]
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0
~
�

2
II� � � kc

4
II� � = 2(2�/h � �� )� ; ( 0

~
�  	 �0 + 0B� /h) (10.79)

where �0 is the value of � for the non-disturbed plane-parallel bilayer. Equation (10.79) plays

the role of a generalized Laplace equation for the bilayer surfaces.

10.3.4. THE GENERALIZED LAPLACE EQUATION FOR THE BILAYER SURFACES

Equation (10.79) is a fourth order differential equation, which can be represented in the form

[45]:

( 2
II�

 
� 2

2q )( 2
II�

 
� 2

1q )� = 0 (10.80)

Here 2
1q  and 2

2q  are roots of the biquadratic equation

kc q4 � 0
~
� q2 + 2(2�/h � �� ) = 0 (10.81)

which gives

2
2,1q  = { 0

~
�  � [ 2

0
~
�  � 8kc(2�/h � �� )]1/2}/(2kc) (10.82)

Depending of the sign of the discriminant in Eq. (10.82), Eq. (10.81) may have four real or four

complex roots for q. Complex q leads to decaying oscillatory profiles for �(x,y), resembling

those obtained in Ref [38] for model inclusions of translational symmetry. For not-too-flaccid

membranes the discriminant in Eq. (10.82) is positive,

2
0

~
�  > 8kc(2�/h � �� ) (real roots) (10.83)

In such case two positive roots for q2 are obtained and the bilayer profile around an inclusion,

�(x,y) in Fig. 10.6, will decay without oscillations. Using Eq. (10.4) one can estimate that ��  is

typically about 2 � 1013 N/m3 which is negligible compared with 2�/h. Indeed, with h = 3 nm

and � = 2 � 106 N/m2 one obtains 2�/h = 1.33 � 1015 N/m3. Further, assuming kc � 4 � 10�21 J

(see Ref. [72]) from Eq. (10.83) one obtains 0
~
�  > 6.5 mN/m. The latter inequality can be

fulfilled for not-too-flaccid bilayers. Note that the bilayer surface tension �0 , as introduced in

Section 10.2.1 above, is usually much larger than the total tension of the bilayer, �b, see the

discussion after Eq. (10.7); the importance of the surface tension �0 is discussed also at the end

of Appendix 10A.
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Following Ref. [45], below we will restrict our considerations to the case of real q2, in which

Eq. (10.83) is satisfied; the case of complex q2 is also possible and physically meaningful. As

in Chapter 7, here q�1 has the meaning of a characteristic capillary length determining the range

of the deformation around an inclusion, and in turn, the range of the lateral capillary forces

between inclusions (see below). With the above values of h, � and kc, and with 0
~
�  = 20 mN/m

from Eq. (10.82) two possible decay lengths can be calculated [45]: 1
1
�q = 2.7 nm and

1
2
�q  = 0.45 nm. The second decay length, 1

2
�q , is smaller than the size of the headgroup of a

phospholipid molecule (typically 0.8 nm); for that reason this decay length has been

disregarded in Ref. [45]. Below we will work with the other decay length, that is with

q2 = 2
1q  = { 0

~
�  � [ 2

0
~
� � 8kc(2�/h � �� )]1/2}/(2kc) � 4�/(h 0

~
� ) (10.84)

At the last step we expanded the square root in series for small kc. Disregarding the solution of

Eq. (10.80) for q = q2 means that we have to seek � as a solution of the equation [45]

2
II� � = q2

� (10.85)

where q is determined by Eq. (10.84). All solutions of Eq. (10.85) satisfy also Eq. (10.80). The

boundary conditions for Eq. (10.85) are � = hc at the lipid-protein boundary and ��0 for r��,

see Fig. 10.6. Note that Eq. (10.85) is almost identical to Eq. (7.6) with the only difference in

the definitions of q. The account for the compressing stresses at the bilayer surfaces and the

elastic stresses in the bilayer interior (see Section 10.2.1) leads to the appearance of the bilayer

surface tension �0 and the chain shear elasticity � in the expression for the decay length:

q�1 � (h 0
~
� /4�)1/2.

Comparing Eqs. (10.62) and (10.85) one can determine g [45]:

g = 2� / (hq2) + f(x, y, z), (10.86)

2
II�

 f = 0 (10.87)

Here f is unknown function (to be determined from the boundary conditions) which satisfies

Eq. (10.87). Below we will determine � and f for the cases of one and two inclusions

incorporated in a lipid membrane.
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10.3.5. SOLUTION OF THE EQUATIONS DESCRIBING THE DEFORMATION

Single cylindrical inclusion. In this case � depends on the radial coordinate r (Fig. 10.6)

and Eq. (10.85) acquires the form of a modified Bessel equation:

�
� 21 q

dr
dr

dr
d

r
��

�

�
�
�

� (10.88)

The boundary condition for fixed position of the contact line implies

� = hc = const. (at the contact line) (10.89)

The solution of Eq. (10.88), which satisfies Eq. (10.89) and decays at infinity is [45]:

� = 
)(K0 c

c

qr
h K0(qr), r � rc (10.90)

where rc is the radius of the cylindrical inclusion (Fig. 10.6) and K0 is the modified Bessel

(Macdonald) function of zeroth order [73-75].

To completely quantify the deformation we have to determine also the components ur and uz of

the displacement vector u. A substitution of Eq. (10.90) into Eq. (10.58) directly gives uz. To

find ur we first substitute Eq. (10.86) into the boundary condition (10.64):

02
2 ��

�
�

�
�
�
�

�
�

� crr
r
f

dr
d

hq �

�� (10.91)

Then from Eq. (10.87) we obtain [45]

f = A lnr (10.92)

The integration constant A can be determined from the boundary condition

)(K
)(K

tan
0

1

c

c
cc

rr qr
qr

qh
dr
d

c

�����
�

�
�
�

�

�

�
� (10.93)

where �c is the surface slope at the contact line (Fig. 10.6). Next we substitute Eqs. (10.92) and

(10.93) into Eq. (10.91) and determine

A = (2rc tan�c)/(hq2) (10.94)
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A substitution of � from Eq. (10.90) and f from Eq. (10.92) into Eq. (10.86) gives the function

g, which is further substituted in (10.61) to obtain [45]

ur = �
�

�
�
�

�
� )(K)(K

)(K
2

11
0

c
c

c

c qr
r
rqr

qrqh
h , u� 	 0 (10.95)

Finally, the components of the strain tensor (in cylindrical coordinates) can be obtained using

standard formulas from Ref. [55]:

urr = 
r

ur

�

�  ;     u�� = 
r

ur  ;     uzz = 
hz

uz �

�

� 2
�  ;      urz = 

rh
z
�

��  ;     ur� = u�z = 0. (10.96)

Couple of identical cylindrical inclusions. In this case it is convenient to introduce

bipolar (bicylindrical) coordinates as explained in Section 7.2.1, see Eq. (7.25). Then Eq.

(10.85) acquires the form

),()()cos(cosh 2
2

2

2

2
2 ���

��

��

��

��
�� qa��

�
�

�
�
�
�

�
�	  ; a = (L2/4 � rc

2)1/2 (10.97)

where L is the distance between the axes of the two cylindrical inclusions, see Fig. 10.1. In

contrast with Section 7.2.1, here in general (qa)2 is not a small parameter, and therefore we

cannot use asymptotic expansions to find analytical solution of Eq. (10.97). The latter can be

solved by numerical integration. The domain of integration is a rectangle in the ��-plane

bounded by the lines � = �
 and � = ��c, where �c = ln[(a + L/2)/rc], cf. Eq. (7.57). Owing to

the symmetry one can carry out the numerical integration only in a quarter of the integration

domain: 0 � � � �c and 0 � � � 
. The boundary conditions are:

�
 

c���
= hc ;                  (�� / 

��)� = 0 = (�� / 
��)� = 0 = (�� / 

��)� = � = 0 (10.98)

In Ref. [45] the conventional second-order finite-difference scheme [75,76] has been used for

discretization of the boundary problem. In this way Eq. (10.97) is presented as a system of

linear equations, which can be solved by means of one of the standard methods. In Ref. [45] the

Gauss-Seidel iterative method has been combined with successive over-relaxation (SOR) and

Chebyshev acceleration technique, see e.g. Refs. [75-77].
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Having calculated �, one obtains uz from Eq. (10.58). In view of Eqs. (10.61) and (10.86) to

determine the lateral projection of the displacement vector uII(�,�) from the calculated profile

�(�,�) one is to first find the auxiliary function f(�,�). The symmetry implies that f(�,�) is an

even function of both � and �.  Moreover, since f obeys Eq. (10.87), it can be expressed as a

Fourier cosine expansion [45]:

f(�,�) = �
�

�1n
nE  cosh n�  cos n� (10.99)

The coefficients En are determined by substituting Eqs. (10.86) and (10,99) into the boundary

condition  (�g/��)
c���
= 0,  which follows from Eq. (10.64); thus one derives [45]

En = 
c

nd
nhqn c ��

�

�

��

��
��

��
��

�
�

�
�
�

�
� cos

sinh
2

2 (10.100)

The functions �(�,�) and u(�,�) thus obtained represent the complete solution of the problem

about the bilayer deformation. Below we proceed with the calculation of the force between two

inclusions, which is due to the overlap of the deformed zones of the membrane around each

inclusion.

10.4. LATERAL INTERACTION BETWEEN TWO IDENTICAL INCLUSIONS

10.4.1. DIRECT CALCULATION OF THE FORCE

The force approach (Section 7.1.5) can be applied to calculate the lateral capillary force, F,

between two identical cylindrical inclusions, like those depicted in Figs. 10.1 and 10.6 [45]:

���

C

dlII2UF  (m��) (10.101)

Here C denotes the contact line; the multiplier 2 accounts for the presence of two identical

contact lines (upper and lower) on each inclusion. A difference between Eqs. (10.101) and

(7.22) is that the membrane surface tension is a tensor, �, rather than a scalar, see Eq. (10.68).

Since the lateral stresses due to the deformation are zero, �ij = 0, (i, j = x, y), see Eqs. (10.54)

and (10.63), in the present case there is no contribution analogous to F(kp) in Eq. (7.23). In view

of Eqs. (10.71) and (10.78), the two terms in Eq. (10.68) give rise to contributions, F(�) and
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F(B), originating from the scalar surface tension and bending moment, respectively; thus

Eq. (10.101) can be represented in the form [45]:

F = F(�) + F(B) (10.102)

F(�) = � �

C

dl �)(2 II mU (10.103)

F(B) = 2(kcq2 � 0B� /h) � ���

C
sdl ))(( II nUm � (10.104)

As in Eq. (10.65), here �s is a gradient operator in the curved surface �(x,y). The latter

equations show that the interfacial bending moment can also give a contribution to the lateral

capillary force: this conclusion has a more general validity, i.e. it holds for any interface, not

only for lipid membranes. However, it is to be expected, that F(B) can be comparable by

magnitude with F(�) only for interfaces of low tension.

Geometrical considerations (see Fig. 10.6) yield

UII�m = ñ cos�c , UII�n = ñ sin�c (10.105)

Note that the slope angle �c varies along the contact line due to the overlap of the deformations

created by the two inclusions. With the help of Eq. (10.66) one obtains

cos�c = ez
 
�
 n = (1 + |�II�

 |2)�1/2 for � = �c (10.106)

sin�c = ñ 
�
 n = �(ñ 

��II�)(1 + |�II�
 |2)�1/2 = �m 

��s� for � = �c (10.107)

Combining Eqs. (10.103)�(10.107) one derives [45]

F(�) = �
C

dl2 ñ   (1 + |�II�
 |2)�1/2

� (10.108)

F(B) = 2(kcq2 � 0B� /h) dl
C
� ñ   |�II�

 |2 (1 + |�II�
 |2)�1 (10.109)

Note that the surface tension � in Eq. (10.108) can vary along the contact line; the dependence

of � on deformation can be derived from the tangential projection of the stress balance,

Eq. (10.70). To do that we first note that the vectors of a covariant local basis in the upper

bilayer surface can be expressed in the form [65]
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a� = e� + ez �
� , (
 = 1, 2) (10.110)

where e1 and e2 are the vectors of the local basis in the plane xy. Recalling that p = 0, with the

help of Eqs. (10.54), (10.58), (10.66) and (10.110) one can derive [45]

n 
�
 
�

 
�
 a� = (4�/h)� 

�
� ,  (1 + |�II�

 |2)�1/2 (10.111)

Next, we substitute Eqs. (10.71), (10.73), (10.78) and (10.111) into the tangential balance,

Eq. (10.70); as a result we obtain

�II� + (kcq2 � 0B� /h)(b 
��II�) = (PT � P0) �II� + (2�/h � �� )�II�

 2 (10.112)

where higher order terms have been neglected. One can employ Eq. (10.39) to derive: b 
��II� �

(�II�II�)��II� = 2
1 �II |�II�

 |2. On substituting the last result in Eq. (10.112) and integrating one

obtains the sought-for expression for the variation of the bilayer surface tension � caused by

the deformation [45]:

� = �0 � 2
1 (kcq2 � 0B� /h)|�II�

 |2 + (PT � P0)� + (2�/h � �� )� 2 (10.113)

Now we are ready to bring the expressions for F(�) and F(B) in a form convenient for

calculations. As we work with small deformations, we will keep only linear and quadratic

terms with respect to � and its derivatives. We choose the x-axis to connect the two inclusions,

as it is in Fig. 7.18; then F(�) and F(B) have non-zero projection only along the x-axis, whose

unit vector is denoted by ex. In addition, ex
 
�
 ñ = cos�, where � is the azimuthal angle providing

a parameterization of the contact line (see Fig. 7.20). Then from Eqs. (10.108), (10.109) and

(10.113) we obtain [45]

)(�
xF  	 ex � F(�) = �(�0 + kc q2 � ��B 0 /h) �

C

dl2  |�II�
 |2 cos� (10.114)

)(B
xF  	 ex � F(B) = �(2 0B� /h  � 2kc q2) �

C

dl  |�II�
 |2 cos� (10.115)

It is convenient to introduce bipolar coordinates (�, �) and to use the relationships

dl = �c d�,         cos� = (cosh�c cos� � 1)�c /a,          �II�
 

c
c

c ��

���

��

��

�
�

�
�
�

�
�
�

�
�

1e (10.116)
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where �c = a/(cosh�c � cos� ); cf. Eqs. (7.27) and (7.131). Finally, combining Eqs. (10.114) �

(10.116) we obtain the non-zero x-component of the lateral capillary force between the two

inclusions [45]:

Fx = )(�
xF + )(B

xF = 
2

0

2
0 )1cos(cosh)~(2

c

cc dqk
a

��

�

��

��
����

�

� �
�

�
�
�

�
��� (10.117)

where 0
~
�  = �0 + 0B� /h  has been introduced by Eq. (10.79). Note that the force Fx can be

attractive or repulsive depending on whether 0
~
�  > kcq2 or 0

~
�  < kcq2. The respective interaction

energy can be obtained by integration:

�
�

���

L
x dLLFL )()( (10.118)

As usual, L denotes the distance between the axes of the two cylindrical inclusions, see Fig.

10.1 and Eq. (10.97). To obtain numerical results one can first calculate the function �(�,�) as

explained in Section 10.3.5, and then to substitute (��/��)
� �� c

 in Eq. (10.117) to calculate Fx

(and further ��) by means of numerical integration. Another (equivalent) approach, which

yields directly expressions for calculating the interaction energy ��, is described in the next

section.

10.4.2. THE ENERGY APPROACH

Mechanics and thermodynamics provide general expressions for the variation of the grand

thermodynamic potential, �, rather than for � itself. One can find � by integrating �,

however such an integration is straightforward only for uniform fluid phases [78,79] or

isotropic elastic bodies [55].

In the case of curved interfaces � depends on three independent variations: � , ux and uy, see

e.g. Ref. [80], Eqs. (5.7)�(5.8) therein. In our case of a lipid bilayer, the solution of the

mechanical problem for the hydrocarbon-chain interior, along with the boundary conditions at

the bilayer surfaces, leads to connections between ux, uy and �. These connections enable one to

obtain a posteriori an expression for � in terms of � only. As demonstrated in Ref. [45] as a
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starting equation one can use the expression for the grand thermodynamic potential of a thin

liquid film of surface tension � and reference pressure of the film interior PT , cf. Ref. [81]:

�� � ����

outin

02
VS V

T PdVPdVds� (10.119)

Here S stands for the bilayer surface, and Vin and Vout denote, respectively, the volume of the

bilayer interior and of the outer aqueous phase. Equation (10.119) expresses the grand

thermodynamic potential for a lipid bilayer if � is substituted from Eq. (10.113). The latter

equation is nothing else than the integrated tangential stress balance at the bilayer surface,

Eq. (10.70), in which the chain elasticity is involved through the elastic stress tensor �; see

Eqs. (10.54) and (10.58). In other words, Eq. (10.113) contains in a “condensed” form the

information about the bilayer mechanics for the “squeezing” mode of deformation. To

demonstrate that we first transform the volume integrals:

� � ��� �
�

�

�

�
�

�

�
���

�

�0

1

outin

2/

0 2/
00 2
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h z

h
T

VV
T PdzPdzdsPdVPdV

�

�

(10.120)

where S0 denotes the projection of the bilayer surface S on the bilayer midplane; in other words,

S0 is the whole xy-plane except the area excluded by the incorporated proteins; the exact

position of the plane z = z1 is not important because it does not affect the final result. In

addition, using Eq. (10.113) we obtain

��
S

ds  = �
0S

ds (1 + |�II�
 |2)1/2[�0

 
�

 
2
1 (kc q2 

�
 

0B� /h)|�II�
 |2 + (PT

 
�

 P0)� + (2�/h 
�

 
���� )� 2]  (10.121)

The substitution of Eqs. (10.120) and (10.121) into Eq. (10.119), after some transformations,

yields a relatively compact expression for the bilayer grand thermodynamic potential [45]:

� = �
0S

ds [( 0
~
�  � kc q2) |�II�

 |2 + 2(2�/h � �� )� 2]  +  const. (10.122)

The validity of Eq. (10.122) can be confirmed by checking the correctness of its implications.

First of all, imposing the requirement � to be minimum for any variations � with fixed

boundaries, from Eq. (10.122) one derives [45]:

0
~
�

2
II� � � kc q2 2

II� � = 2(2�/h � �� )� (10.123)
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The last equation is equivalent to Eq. (10.79) in view of Eq. (10.85). Moreover, in Ref. [45] it

is proven that using the formula Fx = ��/L and variations at movable boundaries, from Eq.

(10.122) one can deduce the expression for the lateral force, Eq. (10.117).

With the help of the identity |�II�
 |2 = �II�(� 

�II�
 ) � � 2

II� � and the Green integral theorem [69]

Eq. (10.122) can be further transformed:

� = 2( 0
~
� � kc q2) �

C

dl (�ñ)�(� 
�II�

 ) 
� �

0S

ds [ 0
~
�

2
II� � � kc q2 2

II� � � 2(2�/h 
�

 
�� )� ]�       (10.124)

The multiplier 2 before the curvilinear integral comes from the two identical contours

corresponding to the two inclusions. The integrand of the surface integral in Eq. (10.124) is

zero owing to Eq. (10.123). Therefore, Eq. (10.124) can be presented in the simple form [45]

�(L) = 4
( 0
~
�  � kc q2)rc hc tan�c(L) (10.125)

where

tan�c(L) 	 �
Cc

dl
r�2

1 (�ñ � �II�
 ) = 

c

d
rc

��

�

�

��

��
�

�
��

� �
�

�
�
�

�

2
1 (10.126)

expresses the average slope of bilayer surface at the contact line, cf. Fig. 10.6. Then the energy

of interaction between the two inclusions can be written in the form

��(L) 	 �(L) � �(�) = 4
( 0
~
�  � kc q2)rc hc [tan�c(L) � tan�c(�)] (10.127)

If the interfacial curvature effects are negligible ( 0B� = 0, kc = 0), then Eq. (10.127) reduces to

Eq. (7.106) with an additional multiplier 2 accounting for the two contact lines per inclusion.

The slope angle at infinite separation, �c(�), can be identified with the angle �c in Eq. (10.93).

To determine �c(L) one has to first calculate �(�,�) by numerical integration of Eq. (10.97),

and then to carry out numerically the integration in Eq. (10.126). Alternatively, one can use the

asymptotic formula

tan�c(L) � qhc )(K)(K
)(K)(K

00

02
1

1

qLqr
qLqrqr

c

cc

�

�

(10.128)

which has been derived in Ref. [45] utilizing the method of reflections [82]. Substituting Eqs.

(10.93) and (10.128) into Eq. (10.127) one obtains an asymptotic formula for ��(L) [45]:
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The numerical test of Eq. (10.129) shows that it gives ��(L) with a good accuracy, see the next

section.

10.5. NUMERICAL RESULTS FOR MEMBRANE PROTEINS

To illustrate the theoretical predictions in this section we present results from the numerical

calculations [45] of the energy of interaction between two membrane proteins incorporated into

a flat lipid bilayer. For this purpose parameters of the bacteriorhodopsin molecule, determined

by means of electron microscopy [2,83], have been used: rc = 1.5 nm and l0 = 3.0 nm; see

Fig. 10.6 for the notation. It is assumed that the hydrophobic �-helix regions of the

bacteriorhodopsin molecule are imbedded inside the lipid bilayer. The following values of the

bilayer mechanical parameters have been used: � = 2 � 106 N/m2, �0 = 35 mN/m and 0B� = �3.2

� 10�11 N; with h = 3 nm one calculates 0B� /h � �11 mN/m, 0
~
�  	 �0 + ��B 0 /h � 24 mN/m and

q�1 � 3 nm; in this case the term kc q2 � 0.4 mN/m is negligible compared to 0
~
� .

The mismatch between the height of the cylindrical inclusion, l0, and the thickness of the non-

disturbed layer, h, can be characterized by the quantity hc = (l0 � h)/2, see Fig. 10.6. In the

experiments of Lewis and Engelman [30] l0 was fixed, whereas h was varied by using lipids of

various chain lengths. The respective experimental values of h have been used in our

calculations: they are denoted on the respective curves in Figs. 10.7a,b, all of them

corresponding to the same value of l0 (to the same protein). The calculated curves of ��/kT vs.

L/(2rc) for hc > 0 are shown in Fig. 10.7a, whereas those for hc < 0 are shown in Fig. 10.7b. In

general, one sees that the strength of the lateral capillary attraction increases with the increase

of the magnitude of the mismatch, |hc|.  �� can be larger than the thermal energy kT both for hc

> 0 and hc < 0, except the cases with too small mismatch (h = 2.6 and 3.4 nm). For the curves

with the largest mismatch, those with h = 1.55 nm in Fig. 10.7a and h = 3.75 nm in Fig. 10.7b,

the calculated �� (5�8 kT at close contact, L = 2rc) is high enough to cause aggregation of the

membrane protein molecules. Indeed, only in the latter two bilayers (h = 1.55 and 3.75 nm) did

Lewis and Engelman [30] observe protein aggregation.
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Fig. 10.7. Calculated in Ref. [45] interaction energy between two inclusions, ��, scaled by kT, vs. the
separation L, scaled by rc; the geometrical parameters of bacteriorhodopsin molecule taken
from Refs. [2, 83] are rc = 1.5 nm, l0 = 3.0 nm; the values of h correspond to the experiments
in Ref. [30]; (a) thinner bilayer, h 

�
 l0 < 0; (b) thicker bilayer, h 

�
 l0 > 0.

Comparing the curves with the same magnitude, but opposite signs of hc (hc = 0.2 for the curve

with h = 2.6 nm in Fig. 10.7a, while hc = �0.2 for the curve with h = 3.4 nm in Fig. 10.7b), one

can conclude that �� has larger magnitude and longer range in the case of hc < 0, that is for a

bilayer which is thicker than the inclusion, all other physical parameters being the same. This

result is also consonant with the experimental observations of Lewis and Engelman [30].

Illustration of the same effect is given in Fig. 10.8, where it appears as a slight asymmetry of

the �� vs. h/l0 curves with respect to the vertical line h/l0 = 1. The curves in Fig. 10.8 are

calculated  for  fixed  distance,   L = 2rc,  corresponding  to  close   contact   between  the  two
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Fig. 10.8. Dimensionless interaction energy, ��/kT, vs. the dimensionless bilayer thickness, h/l0,
calculated in Ref. [45] for two bacteriorhodopsin molecules at close contact, L = 2rc. The
three curves correspond to three different values of the bilayer surface tension �0; the other
parameters are as in Fig. 10.7.

Fig. 10.9. Comparison of curves for ��/kT, vs. L/2rc calculated in Ref. [45] by means of Eq. (10.125)
and the asymptotic Eq. (10.129); the bilayer thickness is h = 1.55 nm; the other parameters
are as in Fig. 10.7.

membrane proteins. One sees in the figure that for small mismatches (around h/l0 = 1) the

energy of lateral attraction �� is smaller than kT, i.e. negligible. However, |��| rises strongly

when the mismatch increases in both directions. The increase of |��| with the rise of the

surface tension of the non-perturbed bilayer, �0, is also illustrated in Fig. 10.8. We recall again
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that �0 is a parameter of the “sandwich” model utilized here and it is to be distinguished from

the total membrane tension, �b, which is usually rather low (�b << 1 mN/m). By definition (see

Section 10.2.1) �0 is the interfacial tension of a lipid adsorption monolayer at oil-water

interface for the same area per headgroup as in the bilayer. In the tension free state (�b = 0) the

bilayer surface tension �0 is completely counterbalanced by the stresses in the hydrocarbon-

chain region, see Eq. (10.8).

It should be noted that Figs. 10.7 and 10.8 give an illustration of the magnitude and range of

the lateral protein-protein interaction energy, rather than a quantitative comparison between

theory and experiment. An actual comparison demands to know the real values of the various

parameters (�,�0, etc.) which can depend on temperature and the nature of the lipid, the latter

being different in the different experiments [30].

On the other hand, the comparison between the two versions of the theory, the force approach,

Eqs. (10.117)�(10.118), and the energy approach, Eqs. (10.126)�(10.127), give coinciding

numerical results for �� as expected [45]. These equations have been used to calculate the

curves in Figs. 10.7 and 10.8.

In Fig. 10.9 we compare plots of �� vs. L/2rc calculated by means of the approximate Eq.

(10.129) (the broken line) and by the more rigorous Eqs. (10.126)�(10.127) (the continuous

line). This numerical text shows that the asymptotic formula (10.129) provides a good

accuracy [45].

In Appendix 10A we describe the connections between the “sandwich” model presented in this

chapter and the phenomenological model of a lipid membrane used by Dan et al. [38,40],

which is based on a postulated expression for the free energy per molecule of a curved

monolayer as a constituent part of bilayer lipid membrane.

10.6. SUMMARY

Although at body temperature a bilayer lipid membrane behaves as a two-dimensional liquid,

mechanically it cannot be simply described as a thin liquid film. The reason is that the

hydrocarbon-chain interior of the membrane exhibits elastic behavior if the thickness of the

bilayer is varied. This hybrid behavior of the lipid bilayers (neither liquid nor solid) can be
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described by means of a mechanical model, which treats the membrane as a special elastic film

(the hydrocarbon chain interior) sandwiched between two Gibbs dividing surfaces (accounting

for the polar headgroup regions on the membrane surfaces). The latter “sandwich” model

involves mechanical parameters such as the shear elastic modulus of the hydrocarbon chain

interior �, and the properties of the two bilayer surfaces: surface tension �, stretching (Gibbs)

elasticity EG, surface bending moment B0 (proportional to the spontaneous curvature), surface

bending and torsion elastic moduli, kc and ck . All these parameters can be determined in

experiments with lipid monolayers and bilayers. In the framework of the “sandwich” model the

tension-free state of a bilayer is attributed to the counterbalancing of compressing stresses in

the membrane surfaces by stretching stresses in the membrane interior, see Eq. (10.7). A

mechanical analysis of the bilayer deformations enables one to derive expressions for the total

stretching, bending and torsion moduli of the membrane as a whole, Ks, kt  and tk , in terms of

the aforementioned mechanical parameters of the model, see Eqs. (10.21), (10.49) and (10.50).

Inclusions (like proteins) in a lipid membrane cause deformations in its surfaces accompanied

by displacements in the membrane hydrocarbon interior, see Figs. 10.1 and 10.6. The resulting

stresses are described by an appropriate constitutive relation, Eq. (10.54), and the interfacial

stress balance, Eq. (10.65). The model provides a set of differential equations for determining

the displacement vector, u, and the interfacial shape, z = �(x,y). The linearized problem can be

reduced to solving a fourth-order differential equation for �(x,y), Eq. (10.79). The latter could

have monotonic and oscillatory solutions for the membrane profile depending on the values of

the involved physical parameters. The case of monotonic solutions (corresponding to not-too-

low membrane surface tension) is investigated in details; in this case the shape of the

membrane surfaces is governed by a second order differential equation, Eq. (10.85), which is

analogous to the Laplace equation of capillarity. The account for the compressing stresses at

the bilayer surfaces and the elastic stresses in the bilayer interior leads to the appearance of the

bilayer surface tension �0 and the chain shear elasticity � in the expression for the characteristic

capillary length q�1, see Eq. (10.84).

The theory of the capillary immersion forces, presented in Chapter 7, can be extended and

applied to describe the interactions between two inclusions in a lipid membrane; the derived

expressions for the interaction force and energy are Eqs. (10.117) and (10.125). The range of
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the resulting attractive interaction turns out to be of the order of several inclusion radii. The

magnitude of the interaction energy �� is proportional to the mismatch hc between the

hydrophobic zone of the inclusion and the hydrocarbon core of the bilayer. For not-too-small hc

the magnitude of �� can be from 2 to 8 kT at close contact of the inclusions (Figs. 10.7�10.9);

this is sufficient to bring about their aggregation.

An asymptotic formula for �� is derived, Eq. (10.129), which compares well with the

numerical calculations; this formula makes the calculation of the interaction energy much

easier at the cost of some approximations. The theoretical predictions qualitatively agree with

the experimental observations of Lewis and Engelman [30], although more reliable data for the

membrane mechanical parameters are needed to achieve a real quantitative comparison

between theory and experiment. The parameters of the “sandwich” model can be related to the

parameters of the phenomenological model by Dan et al. [38], which is also designed to

describe the interactions between inclusions in lipid membranes, see Appendix 10A.

The presented mechanical model of lipid membranes can be helpful for the theoretical

description of various processes involving bilayer deformations and for the interpretation of

experimental data about the interactions and aggregation of protein inclusions.
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