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We apply the two-dimensional elastic continuum model to describe the wrinkling of elastic Langmuir layers
(membranes) subjected to unidirectional compression. The effects of the dilatational, shear, and bending elasticities are
taken into account. Among the numerous solutions of the generalized Laplace equation, corresponding to different
membrane tensions, we determine the membrane shape as the profile that minimizes the energy of the system. In the case
of small deformations, the problem can be linearized. Its solution predicts a wavelike shape of the compressed
membrane. At negligibly small bending elasticity, the energy of the system is minimal for a sinusoidal profile,
whose amplitude and wavelength tend to zero. In the opposite limiting case, where the effect of bending elasticity
prevails over the effect of gravity, the membrane has a half-wave profile. When the two effects are comparable, the
membrane shape exhibits multiple periodic wrinkles (ripples). An expression is derived for calculating the bending
elasticity (rigidity) from the wavelength, and reasonable values are obtained from available experimental data. To
determine the membrane shape at larger out-of-plane deformations, we solved numerically the respective nonlinear
problem. Depending on the values of the physical parameters, the theory predicts various shapes: nonharmonic
oscillations, toothed profiles, and profiles with two characteristic wavelengths. The results can be used for determining
the bending elastic modulus of Langmuir films (membranes) as well as for the interpretation of buckling and collapse of
monolayers.

1. Introduction

When a dense adsorption monolayer or multilayer at a liquid
interface is subjected to compression (e.g., in a Langmuir trough),
the appearance of static sinusoidal wrinkles can be observed, such
as those schematically presented in Figure 1. This could happen
with protein adsorption layers; phospholipid mono- and multi-
layers;1 floating thin polymer films;2-4 layers of nanoparticles on
oil/water interfaces;5 and monolayers of metal-organic com-
plexes.6 Wrinkling has been observed also with layers at the
surface of an elastic subphase.7,8 In some cases, the thickness of
the layer is considerable in comparison with the molecular
dimensions, and/or the subphase is an elastic body. In these cases,
the theory of linear elasticity of isotropic media has been applied
to describe the surface undulations.2,3,7,8

The situation is different in the case of condensed molecular
monolayers or multilayers at a liquid interface. Their thickness is
much smaller than the dimensions in the tangential direction, and
their bending usually happens at fixed number of molecular
layers. The mechanical properties of such adsorption layers

strongly differ in tangential and normal directions. The ade-
quate model for their theoretical description is the two-dimen-
sional (2D) elastic continuum model,9-11 which was initially
developed to describe the mechanics of phospholipid bilayers
(biomembranes).12-14 The parameters of this model are the
surface (membrane) stretching and shear elasticities,9 and the
Helfrich13 curvature elastic moduli, kc and kc. For example,
the two-dimensional elastic continuum model was successfully
applied to describe the thermally excited shape fluctuations
(flicker phenomena) of giant unilamellar vesicles and to determine
the bending elasticity, kc, of the respective membranes.15 The
model was also applied for modeling the membrane-mediated
interactions between inclusions in lipid bilayers.16

The 2D elastic continuum model with bending elasticity is a
special case of the general concept of Cosserat continuum,17

which generalizes the conventional theory of elasticity18 formedia
of pronouncedmicrostructure. Helpful comments on the physical
meaning of theCosseratmodel can be found in ref 19. Eringen20,21
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contributed to the further development of this theoretical ap-
proach, which was comprehensively presented in several review
articles.22-24 In the linear case, the medium is characterized by
three lateral and three flexural elasticities, which have been
experimentally determined for different media.25,26 Original algo-
rithms have been developed for numerical solution of the respec-
tive mathematical problems.27-30 The Cosserat model has been
applied for theoretical description of thin shells,31-34 cell mem-
branes,35,36 and large deformations of linear continua.37 A
systematic description of the elasticity theory of 3D, 2D, and
1Dmedia of linear rheology was given in ref 38 in terms of tensor
analysis. The nonlinearity of the rheological constitutive relations
is a basic problem in the modeling of large deformations.39

Simpler models with a lower number of elastic constants
are widely discussed in literature.10,11 In this case, an energy
approach was developed,12-14 which found numerous applica-
tions for describing the configurations of biomembranes.40,41

The minimization of energy leads to a generalized form of the
Laplace equation of capillarity,42-44 whose solutions have been
investigated.45,46 Viscoelastic effects have been also taken into
account.47,48 The theory was applied to study instabilities en-
gendered by the van der Waals surface force in thin liquid films
with elastic surfaces.49

At the initial stage of wrinkling of a Langmuir layer, when the
linearized theory is applicable, the interfacial profile is sinusoidal
like those in Figure 1. At larger deformations, subject to the
nonlinear theory, the interfacial configuration can be more
complicated: formation of a three-layer is observed,50 as illu-
strated in Figure E.1 inAppendix E (Supporting Information). In
some cases, complex three-dimensional structures appear,51

which are typical for soft monolayers, such as those formed from
low-molecular-weight surfactant molecules. For more rigid pro-
tein monolayers, lipid or polymer membrane1-4 undulated struc-
tures, like those in Figure 1, are observed at not-too-large degrees
of compression.

In this study, our goal is to interpret theoretically the wrinkling
of elastic surface layers subjected to unidirectional compression in
a Langmuir trough. These films are very thin (one or several
molecular layers), and for their description we applied the 2D
elastic continuum model with dilatational, shear, bending, and
Gaussian elastic constants (section 2). Then, the model’s predic-
tions for the wrinkling of elastic Langmuir layers are investigated
for both small deformations (linearized theory) and larger defor-
mations (nonlinear theory). In the case of linearized theory, the
conditions for the onset of wrinkling have been determined by
Milner et al.42 Here, wemake the next step: Among the numerous
possible solutions of the generalized Laplace equation, we deter-
mine themembrane profile as the one thatminimizes the energyof
the system (section 3). This approach yields a relation between the
wavelength of periodic wrinkles and the bending elastic constant
(section 4). In the case of nonlinear theory (section 5), we have
only derived the basic equations and showed some numerical
solutions of the problem as illustrative examples for membrane
profiles predicted by the model, which can be compared with
experimental observations. A full investigation of the predictions
of the nonlinear theory is a formidable task and could be a subject
for future work.

The derivation of all basic equations and some auxiliary
expressions is given in Appendices A-I, which are available in
the Supporting Information.

2. Basic Equations

2.1. General Form of the Basic Equations. We consider a
liquid interface covered with a dense adsorption layer, for exam-
ple, a protein or phospholipid adsorption monolayer. The mono-
layer is supposed to possess shear and bending elasticity; that is, it
behaves as a two-dimensional (2D) elastic medium (membrane),
rather than as a 2D fluid. In such a case, the forces acting in the
interface are described by the surface stress tensor, σ:31,38

σ ¼ σRβaRaβ þσRðnÞaRn ð2:1Þ
R, β=1,2; see eqB.2 inAppendix B (Supporting Information). In
eq 2.1, aR and aβ are vectors of the surface local basis; n is the

Figure 1. Sketch of the sinusoidal wrinkling of a thin elastic film subjected to unidirectional compression, for example, surface layer in a
Langmuir trough.
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running unit normal to the surface (see Figure 2); σRβ are the
components of σ that are tangential to the interface, whereas σR(n)

are transverse shear stress resultants. Here and hereafter, the
Greek indices take values 1 and 2, and summation over the
repeating indices is assumed. The surface balance of the linear
momentum leads to the equation:38,52,53

rs 3 σ ¼ ðpII -pIÞsn ð2:2Þ
See eq B.7 in Appendix B. Here, rs is the surface del operator;
pI and pII are the pressures in the two adjacent bulk phases.

The moments acting in the membrane are described by the
tensor of the surface moments (torques), N:31,38

N ¼ NRβaRaβ þNRðnÞaRn ð2:3Þ
See eq B.9 in Appendix B; for illustration of the directions of
action of the components of N, see, for example, refs 11 and 54.
The surface balance of the angularmomentumcan be expressed in
the form:38

rs 3N ¼ nεRβσ
βR -aRε

Rβaβγσ
γðnÞ ð2:4Þ

See eq B.19 in Appendix B; aβγ and εRβ are, respectively,
components of the surface metric tensor and alternator; see
Appendix A (Supporting Information).

When the membrane is subjected to deformation, the displace-
ment vector, u, describes the movement of a given material point
from the membrane:

u � R-Rin ð2:5Þ
where the position vectors R and Rin denote the current and
initial positions of this material point, respectively (Figure 3).
The symmetric surface strain tensor, d=aRaβdRβ, is defined as
follows:18

dRβ ¼ 1

2
ðrβuR þrRuβÞ-bRβu

ðnÞ -
1

2

Du
DxR

Du
Dxβ

ð2:6Þ

See eqC.5 inAppendixC (Supporting Information). Here,x1 and
x2 are curvilinear coordinates on the surface; rR is the covariant
derivative (see eqA.41 inAppendix A); uR= u 3 aR and u(n) = u 3 n
are components of the displacement vector, and bRβ are compo-
nents of the surface curvature tensor; see eq A.27 in Appendix A.
InAppendixC, it is demonstrated that, for out-of-plane deforma-
tions ofmembranes, all terms in the right-hand side of eq 2.6 have
the same order of magnitude and none of them can be neglected.
2.2. Surface Rheological Constitutive Relations. For the

relation between the tangential surface stress tensor and the strain
tensor, we will use the standard constitutive relation:18,55

σs � σRβaRaβ ¼ σ0Is þEdTrðdÞIs þ 2Esh d-
1

2
TrðdÞIs

� �
ð2:7Þ

where σ0 is a scalar interfacial tension, Ed and Esh are, respec-
tively, the membrane dilatational and shear elasticities; “Tr”
denotes trace of a tensor; Is is the surface unit tensor
(idemfactor); see eq A.75 in Appendix A. In fact, Ed and Esh

are the Lam�e’s compressibility and shear parameters.9,18 If E and
ν are the Young’s modulus and Poisson’s ratio, respectively,
for the considered 2D elastic continuum, then one can derive
thatE=4EdEsh/(EdþEsh) and ν=(Ed-Esh)/(EdþEsh), which
indicates that νe 1.9,18 Note that eq 2.7 defines σs as a symmetric
surface tensor.

The tensor of moments, N, is not symmetric, but it is related
to a symmetric tensor M = aRaμM

Rμ by means of the relation-
ship:31,38

N ¼ NRβaRaβ � -MRμaμνε
νβaRaβ ð2:8Þ

The Helfrich’s model13 leads to the following constitutive rela-
tions for the surface moments:10,11

M ¼ B0

2
Is þðkc þ kcÞTrðbÞIs -kcb ð2:9Þ

Here, b is the symmetric curvature tensor; kc and kc are the surface
bending andGaussian curvature elasticities, respectively;B0 is the
bending moment of the flat membrane, which is related to the
spontaneous curvature, H0, as follows:

10,11 B0 = -4kcH0. Here,
the coefficients of the rheologicalmodel, σ0,Ed,Esh,B0, kc, and kc,
will be treated as constant parameters.

Substituting eqs 2.8 and 2.9 in the angular momentumbalance,
eq 2.4, and taking projection along the normal, n, we derive10,11

σRðnÞ ¼ -2kca
RμrμH ð2:10Þ

See eqC.58 inAppendixC,whereH is the localmean curvature of
the surface. With the help of eq 2.10, one can express the
tangential and normal projections of the linear momentum

Figure 2. Surface coordinates x1 and x2 label the points on the
curved surface;R(x1, x2) is the position-vector of a surface point; n
is the unit normal to the surface; a1 and a2 are vectors of the local
covariant surface basis that are tangential to the surface.

Figure 3. The displacement vector of a material point, u = R -
Rin, is the distance between the position of this point in the
deformed state, R, and its initial position, Rin.
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balance, eq 2.2, in the form:10,11

rμσ
μR þ 2kcb

RμrμH ¼ 0 ð2:11Þ

bμνσ
νμ -2kca

μνrμrνH ¼ ðpII-pIÞs ð2:12Þ
See eqs C.60 and C.62 in Appendix C. Equations 2.11 and 2.12
represent the basis of our subsequent analysis.

3. Unidirectional Compression of an Initially Flat
Langmuir Layer

3.1. Equations for the Shape of theDeformedMembrane.

Let us consider a unidirectional compression of the membrane
along the x1 axis, which leads to membrane wrinkling (Figure 4).
We assume that initially the membrane has been flat, of length
LþΔL along the x1 axis, and has been located in the plane z=0.
It is convenient to introduce the notations:

x ¼ x1, y ¼ x2, z ¼ ζðxÞ ð3:1Þ
where z = ζ(x) describes the shape of the deformed membrane
(Figure 4).

For the considered case of unidirectional compression, in
Appendix D (Supporting Information), it is proven that with
the help of the rheological constitutive relation, eq 2.7, we can
bring eqs 2.11 and 2.12 in the form:

dux

dx
þ 1

2

dζ

dx

� �2

-
dux

dx

� �2
" #

¼ σL -
kc

2
ð2HÞ2

� �
a

Em
ð3:2Þ

ð2HÞσm -
kc

2
ð2HÞ3 - kc

a1=2
d

dx

1

a1=2
dð2HÞ
dx

� �
¼ gΔFζ ð3:3Þ

where the mean curvature, H, and the metric coefficient, a, are
given by the expressions:

2H ¼ 1

a3=2
d2ζ

dx2
, a ¼ 1þ dζ

dx

� �2

ð3:4Þ

σL � σm -σ0, Em � Ed þEsh ð3:5Þ
Equation 3.2 is a first integral of eq 2.11, and σm is the respective
integration constant, whose physical meaning is discussed after
eq 3.21 below; σ0 is the same as in eq 2.7; ux is the x-component of
the displacement vector. In eq 2.12, we have taken into account
the effect of the hydrostatic pressure, namely, (pII- pI)s = gΔFζ,
where g is the acceleration due to gravity and ΔF is the difference
between the mass densities of the two adjacent fluid phases.

Equations 3.2 and 3.3 represent a system of two ordinary
differential equations for determining the functions ζ(x) and
ux(x). We consider the deformations of an elastic Langmuir layer
with edges fixed to the barriers in the Langmuir trough, which
leads to the following two boundary conditions (Figure 4):

ζ

�����
L=2

¼ ζ

�����
-L=2

¼ 0 ð3:6Þ

ux

�����
L=2

¼ -ΔL=2, ux

�����
-L=2

¼ ΔL=2 ð3:7Þ

where ΔL is the decrease of the distance between the two barriers
upon compression of the Langmuir layer.
3.2. Area of the DeformedMembrane. For simplicity, here

we will assume that z = ζ(x) is a single-valued function; see
Figure 4. Then, the area of the membrane, Sm, can be expressed
in the form:

Sm ¼ Ly

Z L=2

-L=2

a1=2 dx ð3:8Þ

where a is given by eq 3.4 and Ly is the length of the membrane
along the y-axis.

Let us define the dimensionless area parameter, θ, as follows:

θ ¼ Sm -Sp

Sin -Sp
ð0 < θ < 1Þ ð3:9Þ

As before, Sm is the area of the deformed membrane (Figure 4);
Sp is the projection of Sm on the xy-plane; Sin is the area of the
membrane in its initial flat state (before the compression). If the
membrane shrinks upon compression remaining flat, then Sm =
Sp and the area parameter isθ=0.For 0< θ<1, themembrane
simultaneously shrinks and curves (i.e., acquires a nonplanar
shape). In the limiting case of an incompressible membrane, we
haveSm=Sin, and then eq 3.9 yieldsθ=1; that is, themembrane
bends like a sheet of paper, without any changes in its area. The
membrane is not expected to expand upondecreasing the distance
between the barriers in the Langmuir trough, so that the expected
values of the area parameter are in the interval 0 e θ e 1. For a
rectangular trough, we have

Sp ¼ LLy, Sin ¼ ðLþΔLÞLy ð3:10Þ
whereΔL is the same as in eq 3.7. Then, from eqs 3.9 and 3.10, we
obtain

θ ¼ Sm -Sp

Sp

Sp

Sin-Sp
¼ Sm -Sp

Sp

L

ΔL
ð3:11Þ

Combining eqs 3.8, 3.10, and 3.11, we derive

θ
ΔL

L
¼ Sm -Sp

Sp
¼ 1

L

Z L=2

-L=2

ða1=2 -1Þ dx ð3:12Þ

Equation 3.12, along with the expression for a in eq 3.4, allows
one to calculate the area parameter, θ, for a given ΔL/L and
membrane shape z = ζ(x).
3.3. Energy of the Deformed Membrane. As already men-

tioned, we consider the compressed state of an elastic Langmuir
layer (membrane), whose edges are fixed to the barriers of the
Langmuir trough (Figure 4). The boundary conditions, eqs 3.6

Figure 4. Sketch of the profile, z= ζ(x), of an elastic surface layer
subjected to unidirectional compression (along the x-axis) in a
Langmuir trough. The barriers are located at x = (L/2; ex is the
unit vector of the x-axis; a1 is the respective unit vector of the
surface basis, which is tangential to the curved membrane.
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and 3.7, are insufficient for determining a unique solution of the
system of eqs 3.2 and 3.3. To determine the physical solution of
the problem, we will use also the natural requirement that the
shape of the membrane must correspond tominimal energy of the
system. Our next goal is to derive the expression for calculating
the energy.

Let us consider the change in the energy of the system upon an
out-of-plane deformation of the membrane,

ΔW � Wm -Wp ð3:13Þ
whereWp andWm are the energies of the system, respectively, in
the states with planar and deformed membrane. ΔW can be
expressed as sum contributions from the changes in gravitational
energy, ΔWg, and surface energy, ΔWs:

ΔW ¼ ΔWg þΔWs ð3:14Þ
To calculate ΔWg, we consider a horizontal layer, z1 < z < z2,
that contains themembrane, z= ζ(x). The gravitational energyof
this layer is

Wg
ðζÞ ¼ -

Z
p dV

¼
Z
Sp

Z ζ

z1

FIgz dzþ
Z z2

ζ
FIIgz dz

" #
dSþC1

¼ 1

2
LygΔF

Z L=2

-L=2

ζ2 dxþC2 ð3:15Þ

whereC1 and C2 are constants and, as usual, ΔF= FI - FII is the
difference between the mass densities of the two adjacent fluid
phases. Then, ΔWg =Wg

(ζ) -Wg
(0), and from eqs 3.10 and 3.15

we obtain:

ΔWg

Sp
¼ gΔF

2L

Z L=2

-L=2

ζ2 dx ð3:16Þ

Furthermore, let us consider a small variation of the surface
energy of the system, δWs, which corresponds to infinitesimal
changes in the horizontal and vertical displacements, δux and δζ,
of the membrane’s material points:

δWs ¼
Z
Sm

δws dS ¼ Ly

Z L=2

-L=2

a1=2δws dx ð3:17Þ

where δws is the variation of surface energy per unit area of the
membrane. This quantity can be expressed in the form:11,38,54

δws ¼ σT : rsðδuÞþ Is � δω
� �þNT : rsðδωÞ ð3:18Þ

where the subscript “T” denotes the transpose of the respective
tensor; δu and δω denote infinitesimal displacement and rotation:

δu ¼ ðδuxÞex þðδζÞez, δω � n� δn ð3:19Þ
Here, δu is the displacement vector and, as usual, n is a unit vector
normal to the surface. InAppendix D, we substitute σ from eq 2.7
and N from eqs 2.8 and 2.9, and after some transformations we
bring eq 3.18 in the form:

δws ¼ 1

a1=2
σmδa

1=2 þ δð2kca1=2H2Þ
h i

ð3:20Þ

When deriving eq 3.20 in Appendix D, we have used the
simplifying assumption that B0 = 0; see eq 2.9. The substitution
of eq 3.20 into eq 3.17 yields

δWs ¼ σmδSm þδ Ly

Z L=2

-L=2

2kca
1=2H2 dx

 !
ð3:21Þ

The first term in the right-hand side of eq 3.21 represents the
surface work of dilatation, whereas the last term expresses the
contribution from the Helfrich’s bending free energy. From
this viewpoint, the parameter σm can be interpreted as the
thermodynamic surface tension, which is to be distinguished
from the mechanical surface tension σxx.

10,11,44,54 However, for
ΔL/L, 1, σxx ≈ σm; see Appendix H (Supporting Information).
Next, for a variation of θ at fixed L and ΔL, from eq 3.12 we
obtain

δSm ¼ Sp
ΔL

L
δθ ð3:22Þ

Using eq 3.22, we integrate eq 3.21 from the initial state of planar
membrane (θ = 0, H = 0) to a final state of curved membrane
with nonzero θ and H:

ΔWs

Sp
¼ ΔL

L

Z θ

0

σmð~θÞ d~θþ 2kc

L

Z L=2

-L=2

a1=2H2 dx ð3:23Þ

where θ~ is an integration variable. Substituting eqs 3.16 and 3.23
into eq 3.14, we obtain the final expression of the energy of the
system:

ΔW

Sp
¼ gΔF

2L

Z L=2

-L=2

ζ2 dxþ 2kc

L

Z L=2

-L=2

a1=2H2 dx

þΔL

L

Z θ

0

σmð~θÞ d~θ ð3:24Þ

The first term in the right-hand side of eq 3.24 accounts for the
change in the gravitational energyof the system, the secondone for
the elastic energy of membrane bending, and the third one for the
change in energy upon compression of the membrane. Note that
the first two terms in the right-hand side of eq 3.24 are positive.
Hence, if σm(θ) > 0 thenΔW>0 and the energy will be minimal
for a planarmembrane, that is, for ζ=0andH=0 (nowrinkling).
However, if σm(θ) < 0, then it is possible (but not necessary) to
have a minimum of ΔW for a nonplanar membrane. Because our
goal here is to describe out-of-plane deformations of the mem-
brane, hereafter we will consider membranes with σm < 0.

The nonlinear theory in the present section is valid for any
unidirectional out-of-plane deformations of the membrane. This
theory will be applied in section 5 to describe the shape of the
membrane at larger degrees of compression. Before that, in
section 4, we will investigate the case of small compressions
(ΔL/L , 1). In the latter case, the equations can be linearized
and the wrinkles are sinusoidal.
3.4. The Linearized Problem in the Absence of Bending

Elasticity. In Appendix E (Supporting Information), we have
considered the simpler casewithkc=0.As shown there, forkc=0,
the energetically most advantageous membrane profile is that
with infinitesimally small wavelength and amplitude. Of course,
such a wave cannot be physically realized because of the finite size
of the molecules. Moreover, all interfaces have a small but
nonzero bending elasticity kc, which opposes the decrease of the
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wavelength and leads to a finite value of the wavenumber. Hence,
the period of the experimentally observed wrinkles1,6 is deter-
mined by kc, and vice versa; from the experimental wrinkling
period, one can find the value of kc for a given membrane, as
demonstrated in section 4.7.

The fact that the energy ΔW is minimal at infinitesimally
small wavelength is a manifestation of buckling instability that
is observed with Langmuir layers subjected to compression.
Upon large compressions, complex folding may appear,50,51 see
Figure E.1 in Appendix E. This instability can be prevented if the
bending elasticity (rigidity) of the layer, kc, is positive and
sufficiently large. The bending elasticity stabilizes the membrane
shape for a given finite value of the wavenumber that corresponds
to the experimentally observed periodic wrinkles. At larger
compressions, collapse may happen again. The greater the
value of kc, the greater are the amplitude and wavelength of
the stable wrinkles, so they can become visible by optical micro-
scopy;1,5,6 see section 4.
3.5. The Linearized Problem at Negligible Gravity Ef-

fect. In Appendix F (Supporting Information), we have consid-
ered the other limiting case, that with kc > 0, but with negligible
gravity effects, which is equivalent to formally set g=0. We
investigated the behavior of the energy ΔW(σm). Our analysis in
Appendix F shows that the minimum of ΔW(σm) corresponds
either to a flat membrane or to a half-wave shaped membrane, as
follows:

ζ ¼ 0 for
ΔL

L
< Nc ðflat membraneÞ ð3:25Þ

ζ ¼ (
2

π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
θLΔL

p
cos π

x

L

� �
for

ΔL

L
> Nc ðhalf-waveÞ ð3:26Þ

Here, -L/2 e x e L/2 and θ= 1 - NcL/ΔL, where Nc =
kcπ

2/(EmL
2) is a dimensionless number.

In summary, if the effect of the bending elasticity is predomi-
nant, the energetically favorable state of the deformed mem-
brane is that with the smallest wavenumber, that is, the half-
wave profile; see eq 3.26. In contrast, if the effect of gravity
is predominant, the energetically favorable state of the
deformed membrane is that with the greatest wavenumber;
see section 3.4 and Appendix E. When both effects are
comparable, a wavelike profile with an intermediate value
of the wavenumber is realized, as demonstrated in the next
section.

4. The Linearized Problem in the General Case

4.1. Characteristic Equation.Here, we consider the general
case where the effects of gravity, g, and bending elasticity, kc, are
both essential. We assume that the initial state has been tension-
free, that is, σ0 = 0 and σL = σm, and that the compression is
small,ΔL/L, 1. In this special case, the linearized eq 3.3 acquires
the form of a fourth order differential equation:

kc
d4ζ

dx4
- σm

d2ζ

dx2
þ gΔFζ ¼ 0 ð4:1Þ

Assuming that the membrane shape ζ(x) is proportional to
cos(qx), from eq 4.1, we derive the following characteristic
equation for the wavenumber q:42

kcq
4 þ σmq

2 þ gΔF ¼ 0 ð4:2Þ

The two roots of eq 4.2 are

qc
2 ¼ -σm

2kc
1þ 1-

4kcgΔF
σm

2

� �1=2
" #

ð4:3Þ

qg
2 ¼ -σm

2kc
1- 1-

4kcgΔF
σm

2

� �1=2
" #

ð4:4Þ

For g f 0, eq 4.3 reduces to eq F.2 in Appendix F, whereas for
kcf 0 eq4.4 reduces to eqE.8 inAppendixE.Fromeq4.2,we can
express σm:

σm ¼ -
gΔF
q2

þ kcq
2

� �
ð4:5Þ

The dependence σm(q
2) has a maximum (Figure 5) which corre-

sponds to the double root of eq 4.2 for q2 (zero discriminant in
eqs 4.3 and 4.4). The values of σm and q corresponding to the
double root will be denoted by subscript “d”; their values are

σd ¼ -ð4kcgΔFÞ1=2, qd ¼ ðgΔF=kcÞ1=4 ð4:6Þ
For σm > σd, eq 4.2 has no real roots (Figure 5); there will be no
wrinkling, and the membrane will remain planar. Upon further
compression, σm will decrease and the first wrinkles will appear
when σm= σd. In other words, σm= σd determines the beginning
of the buckling (wrinkling) transition, as first established by
Milner et al.42

4.2. Expression for the Membrane Profile. A solution of
eq 4.1 that satisfies the boundary condition 3.6 is

ζ ¼ ζa
cosðqcxÞ

cosðqcL=2Þ-
cosðqgxÞ

cosðqgL=2Þ

" #
, -

L

2
e xe

L

2
ð4:7Þ

where ζa is a constant multiplier. Because we have assumed that
the barriers are moving symmetrically with respect to the z-axis
(see eq 3.7), eq 4.7 expresses the symmetricmode, which is an even
function of x.

In general, the amplitude, ζa, and the energyof the system,ΔW,
depend on the membrane tension, σm (see below). In section 4.3,
we calculate the function ΔW(σm) for all membrane profiles
determined by eq 4.7 to find at which value of σm the energy
ΔW(σm) has a global minimum that determines the physical state
of the membrane. These calculations have been carried out
numerically in terms of complex numbers. This allowed us to
scan also values of σm for which qc and qg are complex numbers,

Figure 5. Dependence of the thermodynamic tension, σm, on the
wavenumber, q, in accordance with eq 4.5. The maximum of this
dependence at σm = σd corresponds to the double root of eq 4.2
at q2= qd

2. For σm< σd, eq 4.2 has two roots, qg
2 and qc

2, given by
eqs 4.3 and 4.4, respectively.



DOI: 10.1021/la904117e 149Langmuir 2010, 26(1), 143–155

Danov et al. Article

with the cosines in eq 4.7 being considered as functions of a
complex variable. Note that if qc and qg are complex numbers,
eq 4.7 predicts exponentially decaying profiles or decaying
oscillations. These have been also taken into account when
minimizing ΔW(σm). The used theoretical expressions always
lead to real values of ΔW (and the other physical parameters)
irrespective of whether qc and qg are real or complex numbers.
4.3. Expression for the EnergyΔW.The linearized form of

eq 3.12 is

θ
ΔL

L
¼
Z L=2

-L=2

dζ

dx

� �2
dx

2L
ð4:8Þ

See Appendix E for details. It is convenient to represent eq 4.8 in
the form:

θ
ΔL

L
¼ ζa

2F1ðσmÞ ð4:9Þ

F1ðσmÞ � 1

2Lζa
2

Z L=2

-L=2

dζ

dx

� �2

dx ð4:10Þ

Here, ζ(x) is given by eq 4.7, where qc and qg are defined by eqs 4.3
and 4.4, respectively. The linearized (for ΔL/L , 1) eq 3.2
acquires the form:

dux

dx
þ 1

2

dζ

dx

� �2

¼ σm

Em
-

kc

2Em

d2ζ

dx2

 !2

ð4:11Þ

In view of eqs 3.7, 4.9, and 4.10, the integration of eq 4.11 for
-L/2 < x < L/2 yields

σm

Em
¼ -

ΔL

L
þ θ

ΔL

L
þ ζa

2

Em
F2ðσmÞ ð4:12Þ

F2ðσmÞ � kc

2Lζa
2

Z L=2

-L=2

d2ζ

dx2

 !2

dx ð4:13Þ

Equations 4.9 and 4.12 determine ζa and θ as functions of σm:

ζa
2ðσmÞ ¼ θðσmÞ

F1ðσmÞ
ΔL

L
ð4:14Þ

θðσmÞ ¼ 1þ σmL

EmΔL

� �
1þ F2ðσmÞ

EmF1ðσmÞ
� �-1

ð4:15Þ

In the considered case of small compressions, ΔL/L , 1, the
expression for energy, eq 3.24, reduces to

ΔW

Sp
¼ gΔF

2L

Z L=2

-L=2

ζ2 dxþ kc

2L

Z L=2

-L=2

d2ζ

dx2

 !2

dx

þΔL

L

Z θ

0

σmð~θÞ d~θ ð4:16Þ

The integration by parts of the last term in eq 4.16 yields

ΔWðσmÞ
Sp

¼ -
ΔL

L

Z σm

σm,0
θð~σmÞ d~σm þFW ðσmÞ ð4:17Þ

Here, σm,0 = -(ΔL/L)Em is the tension of the flat membrane at
the sameL andΔL; the function θ(σm) is given by eq 4.15, andFW
is defined as follows:

FW ðσmÞ ¼ ΔL

L
σmθðσmÞþ ½F2ðσmÞþF3ðσmÞ�ζa2 ð4:18Þ

where ζa is given by eq 4.14 and

F3ðσmÞ ¼ gΔF
2Lζa

2

Z L=2

-L=2

ζ2 dx ð4:19Þ

The integrals F1, F2, and F3 in eqs 4.10, 4.13, and 4.19, respec-
tively, can be solved analytically after substituting ζ(x) from
eq 4.7. The obtained analytical expressions are, respectively,
eqsG.11,G.17a,andG.22 inAppendixG(Supporting Information).
In the calculations, it is convenient to use the dimensionless
wavenumbers:

χ � qL, χc � qcL, χg � qgL, χd � qdL ð4:20Þ

4.4. Computational Procedure. Our goal is to calculate
the energy ΔW from eq 4.17 along with the other equations in
section 4.3.

1. The input parameters are kc,Em, g,ΔF,ΔL/L, andL.
2. For a given σm, we calculate χc and χg from eqs 4.3,

4.4, and 4.20.
3. From eqs G.11, G.17a, and G.22 in Appendix G, we

calculate F1(σm), F2(σm), and F3(σm).
4. From eqs 4.14, 4.15, and 4.18 we find θ(σm), ζa(σm),

and FW(σm).
5. The integral in eq 4.17 is solved numerically.We used

the Bode’s rule56 with a precision of O(Δσm
7), where

Δσm is the numerical equidistance step of the change
of σm.

In this way, we calculated the dependences ΔW(σm)/Sp as well
as θ(σm), χc(σm), and so on. Note also that, in view of eqs 4.5 and
4.20, σm can be considered as a function of the dimensionless
wavenumber, χ:

σmðχÞ ¼ -
gΔFL2

χ2
þ kcχ2

L2

 !
ð4:21Þ

The maximum of the function σm(χ) is at χ = χd � qdL; see
Figure 5.
4.5. NumericalResults. In the figures, it is convenient to plot

the dimensionless energy, which is defined as follows:

Δw � ΔW

SpEm

L

ΔL

� �2

ð4:22Þ

Figure 6a shows Δw versus θ dependencies calculated for
various values of distanceL between the barriers in the Langmuir
trough, at the same values of all other parameters. One sees that
each curve has a global minimum for a certain value of θ in the
interval 0 < θ< 1. The value of θ, at which Δw has a minimum,
increases with the rise of L. Figure 6b shows similar data,
but this time plotted as Δw versus χc. In this plot, it is seen
that at small L the energy Δw has a minimum at χc=π, which

(56) Press,W.H.; Teukolsky, S. A.; Vetterling,W. T.; Flannery, B. P.Numerical
Recipes in Fortran. The Art of Scientific Computing; Cambridge University Press:
Cambridge, 1992.
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corresponds to a half-wave membrane profile, like that in Figure
F.4 in Appendix F.

At greater values of L, the minimum ofΔw at χc = π becomes
more shallow and disappears (Figure 6b). The numerical and
analytical investigation of the dependence Δw(σm) at greater L
(see Appendix G) indicates that this dependence has a global
minimum at the maximal σm(χ), for which χ is equal to odd
number π, that is, χ=(2kþ 1)π, where k is an integer; see also eq
4.21. Because this global minimum corresponds to the equilibri-
um configuration of the membrane, the respective values of k, χ,
and σm will be denoted by subscript “e”, namely, ke, χe, and σe.

To obtain mathematical expressions for ke, χe, and σe, we first
notice that for χd � qdL (at which the function σm(χ) is maximal)
we can write:

ð2k-1Þπ e χd e ð2kþ 1Þπ ð4:23Þ
where the left and the right limits are the respective closest (to χd)
values of χ that are equal to odd number π (see Figure 7). It is
convenient to introduce the quantities:

K ¼ χ

2π
þ 1

2
and Kd ¼ χd

2π
þ 1

2
ð4:24Þ

Then, the relation 4.23 acquires the form

ke Kd e kþ 1 ð4:25Þ

where k is defined as follows:

k ¼ FIðKdÞ, Kd ¼ gΔF
kc

� �1=4
L

2π
þ 1

2
ð4:26Þ

Here, FI(x) is the function that gives the integer part of the real
number x, and χd= qdL has been substituted from eq 4.6. In view
of eqs 4.21 and 4.24, σm can be considered as a function of κ, that
is, σm(κ). In terms of this function, the definition of ke is

ke ¼ k for σmðkÞ > σmðkþ 1Þ ð4:27aÞ
ke ¼ kþ 1 for σmðkþ 1Þ > σmðkÞ ð4:27bÞ

where k is defined by eq 4.26. The situations described by eqs
4.27a and 4.27b are illustrated in Figure 7a and b, respectively.
Furthermore, we have

χe � qeL ¼ ð2ke -1Þπ ð4:28Þ

σe � σmðχeÞ ¼ -
gΔFL2

χe
2

þ kcχe
2

L2

 !
ð4:29Þ

where qe is the dimensional wavenumber. For sufficiently large
distance between the barriers in the Langmuir trough, that is,
for χd � qdL. 1, ke is very close to κd and then we have χe ≈ χd
and σe ≈ σd. In other words, the minimum of energy is very
close to the double root of the characteristic eq 4.2; see also
Figure 5. To visualize that, in Figure 8, we have plotted the
difference Δw(σm) - Δw(σd) versus the ratio σm/σd.

The mathematical analysis shows (and the numerical data
confirm) that the transition between the two positions of the
global minimumofΔw(σm), from χc= π (Figure 6b) to χ= χe=
(2ke-1)π (Figure 8), occurs at a transitional value of the distance,
L = Ltr, where

Ltr � π
kc

gΔF

� �1=4

ð4:30Þ

For the parameter values used in Figure 6, from eq 4.30, we
calculateLtr≈ 5.6 μm,which is in agreement with the fact that for
Lg 6 μm the curves in Figure 8 have globalminimum at σm/σd=
σe/σd≈ 1. In particular, atL=6 μm and all other parameters the
same, we have (σd- σe)/σd= 0.0091, that is, σe is really very close
to σd. At greater L, the difference between σe and σd decreases.
4.6. Summary of the Results for the Dependence of

Membrane Shape onL andΔL.The results from the numerical
and analytical investigations of the minimum of energy (section
4.5 and Appendix G) can be summarized as follows:

(A) Small distance between the barriers, L < Ltr: In this case,
there are two possibilities:

L < Ltr and
ΔL

L
> Nc þNg ðhalf-wave profileÞ ð4:31Þ

L < Ltr and
ΔL

L
eNc þNg ðplanar membraneÞ ð4:32Þ

whereNg=L2gΔF/(π2Em) andNc= kcπ
2/(EmL

2) are dimension-
less numbers. If the relation 4.32 is satisfied, the minimum of
energy is at θ = 0; that is, the deformation is so small that the
membrane is compressed but remains planar.

In contrast, if the relation 4.31 is satisfied, the minimum of
energy is at χc=π (Figure 6b) and themembrane has the shape of
half-wave. In this case, the effect of kc is predominant and prevents
the appearance of multiple wrinkles that would correspond to

Figure 6. Dimensionless energy of the system Δw defined by
eq 4.22 as a function (a) of the dimensionless area parameter,
θ (see eq 3.9), and (b) of the dimensionless wavenumber, χc=
qcL (see eq4.3).Theusedparameter values arekc=1� 10-19 J,Em

= 1000 mN/m, g= 9.807 m/s2, ΔF= 1000 kg/m3, ΔL/L= 0.01;
the values of L are shown in the figure.
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greater local curvature. The membrane tension, σm, meniscus
shape, ζ(x), and area parameter, θ, can be calculated by substitut-
ing ke = 1, χe = π, and qe = π/L in eqs 4.29, 4.36, and 4.37.

(B) The distance between the barriers is L g Ltr: In this case,
there are also two possibilities:

Lg Ltr and
ΔL

L
> Nc þNg ðsinusoidal wrinklesÞ ð4:33Þ

Lg Ltr and
ΔL

L
eNc þNg ðplanar membraneÞ ð4:34Þ

Ng and Nc are the same as those in eq 4.32. If the relation 4.34
is satisfied, the minimum of energy is at θ = 0; that is, the
deformation is so small that the membrane is compressed but
remains planar.

In contrast, if the relation 4.33 is satisfied, the minimum of
energy is at χ = χe = (2ke - 1)π (Figure 8) and the membrane
profile has sinusoidal shape with many maxima and minima,
whose number is determined by the dimensionless parameter ke
defined by eqs 4.26 and 4.27; see Figure 1 and Figure G.2 in
Appendix G. In this case, themembrane tension is σm= σe and is
given by eq 4.29. As discussed above, in the case of multiple
wrinkles, χd � qdL . 1, we have

σe ≈ σd ¼ -ð4kcgΔFÞ1=2, qe ≈ qd

¼ gΔF
kc

� �1=4

ðqdL >> 1Þ ð4:35Þ

See eq 4.6. In other words, the sinusoidal wrinkling happens at
membrane tension, which is very close to the maximum of the
negative tension σm in Figure 5. Equations 4.30 and 4.33 show
that the conditions for the appearance of wrinkles depends on all
material parameters of the system: kc, Em, and gΔF.

In view of eq 4.28, the membrane shape is ζ=ζa cos(qex) with
qe=(2ke - 1)π/L. Substituting the latter expression in eq 4.10,
from eq 4.14, we determine the amplitude ζa, so that the expres-
sion for ζ(x) acquires the form:

ζ ¼ (
2

qe
θ
ΔL

L

� �1=2

cos ð2ke -1Þπx
L

� �
, -

L

2
e xe

L

2
ð4:36Þ

θ≈ 1-
jσejL
EmΔL

ð4:37Þ

where ke and σe are defined by eqs 4.26-4.29; see also the
asymptotic case in eq 4.35. The above expression for θ follows
from eq 4.15, where the termF1/(F2Em) is very small and has been
neglected. In addition, the last term in eq 4.37 is usually small, so
that θ≈ 1 and themembrane bends as an (almost) incompressible
sheet.

If qdL . 1, that is, if the distance between the barriers in the
Langmuir trough is sufficiently large, the membrane tension and
the wavelength of the wrinkles are determined solely by the
bending elasticity, kc, and the gravity effect, gΔF, in accordance
with eq 4.35. In other words, the wavelength of the wrinkles is
independent of L and ΔL. The latter two parameters influence
only the wrinkling amplitude; see eq 4.36.

It should be noted that eq 4.36 yields

d2ζ

dx2

�����
x¼(L=2

¼ 0 ð4:38Þ

From a mechanical viewpoint, eq 4.38 means that the torques
acting on the membrane at its end points are equal to zero (in the
framework of the linearized theory). In other words, the mem-
brane shape that minimizes the energy of the system corresponds
to a boundary condition of free rotation of the membrane at its
edges. Conversely, if we use eq 4.38 as a boundary condition for
determiningζ(x), wewill arrive at eq 4.36with anarbitrary integer
k instead of ke. In all cases, to determine the wavelength (i.e., ke),
we have to use the condition for minimization of energy, which
leads to eqs 4.26, 4.27, and 4.33.
4.7. Comparison of Theory and Experiment. The above

analysis implies that if periodic wrinkles are formed upon a small
compression of an elastic Langmuir layer, one can determine the
bending elasticity, kc, of this layer from the wavelength, λ, of these

Figure 7. Illustration of the definition of ke by eq 4.27: (a) the situation described by eq 4.27a and (b) the situation described by eq 4.27b.

Figure 8. Plot of the difference Δw(σm) - Δw(σd) versus the ratio
σm/σd. The used parameter values are the same as those inFigure 6;
the values ofL are shown in the figure. For these parameter values,
the global minimum of energy is at σm = σe ≈ σd for L > Ltr =
5.6 μm. For smaller L, the minimum is at χc = π; see Figure 6b.
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wrinkles. Indeed, from 2π/λ = qe ≈ qd = (gΔF/kc)1/4, we obtain

kc ≈
ΔFgλ4

16π4
ð4:39Þ

See eq 4.35. From the inequality |κd - ke| e 0.5, see Figure 7, it
follows that the relative error of eq 4.39 isΔkc/kce 2λ/L; that is, it
is very small if the experimental wavelength of the wrinkles, λ, is
much smaller that the distance, L, between the barriers in the
Langmuir trough.

Leontidis et al.6 observed periodic wrinkling of Langmuir
monolayers from surface-active metal-organic complexes of
vanadium formed on the air/water interface. The wrinkles were
visualized by Brewster angle microscopy (BAM). The wrinkle
wavelength, determined from Figure 5h and i in ref 6, is λ=15.8
and 16.1 μm, respectively. Then, from eq 4.39, we determine the
bending elasticity of the respective monolayers to be kc = 3.9 and
4.2 � 10-19 J (at ΔF = 1000 kg/m3 and g = 9.807 m/s2). The
obtained kc value has the same order ofmagnitude as the kc values
determined for phospholipid bilayers by other methods.57-59

Horozov et al.5 observed periodic ripples (wrinkles) with
Langmuirmonolayers from silica particles of intermediate hydro-
phobicity spread on an n-octane/water interface. In this study, the
primary particles (of diameter 20-40 nm) formed aggregates of
fractal structure and average diameter ca. 200 nm. The ripples
were visible by optical microscopy in reflected light. Their average
wavelength, determined from Figure 6 in ref 5, is λ=7.65 μm.
Then, if the linearized theory is applicable, from eq 4.39, we
determine the bending elasticity of the respective monolayer to be
kc=6.4� 10-21 J (forΔF=297 kg/m3 and g=9.807m/s2). This
relatively smaller value of kc seems reasonable for particulate
Langmuir monolayers, in view of the weaker lateral adhesion
between the particles in the monolayer. For aggregates of irre-
gular shape, one can expect that the contact line (rather than
contact angle) is fixed on the particle surface. This would lead to a
relatively low kc value, close to that of the bare liquid interface.
Indeed, from the slope of the calculated dependence of the
interfacial bending moment B versus curvature, H, in Figure
10b of ref 60, one estimates kc≈ 2� 10-21 J for an n-decane/water
interface.

Horozov et al.5 observed also that the ripples of short wave-
length, λ1 = 7.9 ( 0.7 μm, are superimposed on longer waves of
length λ2 = 63( 11 μm. The existence of two wavelengths could
be explained as a nonlinear effect due to a greater degree of
monolayer compression,ΔL/L; see section 5.3 below. If this is the
case, eq 4.39 cannot be used to estimate kc from the value of λ1 (see
above), because the validity of eq 4.39 is limited to the case of
small out-of-plane deformations, for which the linearized theory
is applicable.

From the wavelength of periodic wrinkles and eq 4.39, we can
determine the bending elasticity of the membrane, kc, in the case
of small deformations. The sum of the dilatational and shear
elasticities, Em = Ed þ Esh, affects the amplitude of wrinkles
through the last term in eq 4.37.However, this term is usually very
small (negligible), and then Em cannot be determined from the
amplitude. In such case, θ≈ 1 and the amplitude is determined by
the values of qe and ΔL/L; see eq 4.36.

Another point related to the experiment, that deserves discus-
sion, is related to the value of the surface pressuremeasured in the
Langmuir trough at the onset of collapse (buckling instability).
Numerous studies withmolecular films spread onwater1,6,51,61-64

indicate that the collapse begins at a surface pressure, πs = σw -
σm, that is markedly lower than 72 mN/m (σw=72 mN/m is the
surface tension of pure water at 25 �C; πs=72mN/m corresponds
to the tension-free state of the membrane, σm = 0). Indeed, with
phospholipid monolayers, πs ≈ 65 mN/m was measured62 at
collapse, whichmeans that σm=72- πs≈þ7mN/m at collapse.
The latter positive value seems to contradict the theoretical
prediction (see section 4.1 and ref 42) that the membrane wrink-
ling happens at negative σm.

Apossible explanation of this paradox could be given ifwe take
into account the fact that the surface pressure in Langmuir
troughs is traditionally measured by the Wilhelmy plate techni-
que. The experimental procedure includes pulling the plate up,
which certainly creates a local extension in the elastic monolayer
around the plate, which in turns gives rise to a positive tension
that is detected by the balance. Hence, a contact method, such as
the Wilhelmy plate technique, which essentially disturbs the
membrane near its tension-free state, is inappropriate for deter-
mining σm. The forces acting on the barriers of the Langmuir
trough are calculated in Appendix H.

5. Shape of the Membrane at Larger Out-of-Plane
Deformations

5.1. Numerical Solution of the Nonlinear Problem. The
nonlinear eqs 3.2 and 3.3 can be used to determine ux(x) and ζ(x)
in the more general case when the out-of-plane deformations are
not small. We integrated numerically this set of equations as
explained below. Depending on the values of the physical para-
meters, the nonlinear problem has different solutions correspond-
ing to a variety of membrane configurations. Some of them are
illustrated in Figures 9-12. Details on the computation of the
membrane profile are as follows.

At large deformations, the dependence z= ζ(x) might not be a
single-valued function of x; see, for example, Figure E.1 in
Appendix E. We will apply the approach of Hartland and
Hartley,65 who used the arc-length, s, along the surface profile,
ζ(x), as an independent variable. Then, the parametric formof the
dependence z = ζ(x) is

x ¼ xðsÞ and z ¼ ζðsÞ ð5:1Þ
Using the relation dz/dx = tan ψ, where ψ is the running slope
angle, we obtain

dx ¼ cos ψ ds and dz ¼ dζ ¼ sin ψ ds ð5:2Þ
In terms of s and ψ, eq 3.4 acquires the form:

a ¼ 1

cos2 ψ
and 2H ¼ dψ

ds
ð5:3Þ

With the help of eqs 5.2 and 5.3, we bring eq 3.3 in the form:

d3ψ

ds3
¼ σm

kc

dψ

ds
-
1

2

dψ

ds

� �3

-
gΔF
kc

ζ ð5:4Þ

(57) Fernandez-Puente, L.; Bivas, I.; Mitov, M. D.; M�el�eard, P. Europhys. Lett.
1994, 28, 181–186.
(58) Marsh, D. Chem. Phys. Lipids 2006, 144, 146–159.
(59) Bouvrais, H.; M�el�eard, P.; Pott, T.; Jensen, K. J.; Brask, J.; Ipsen, J. H.

Biophys. Chem. 2008, 137, 7–12.
(60) Gurkov, T. D.; Kralchevsky, P. A.; Ivanov, I. B. Colloids Surf. 1991, 56,

119–148.

(61) Kundu, S.; Datta, A.; Hazra, S. Langmuir 2005, 21, 5894–5900.
(62) Zhang, Y.; Fischer, T. M. J. Phys. Chem. B 2005, 109, 3442–3445.
(63) Gavranovic, G. T.; Kurtz, R. E.; Golemanov, K.; Lange, A.; Fuller, G. G.

Ind. Eng. Chem. Res. 2006, 45, 6880–6884.
(64) Broniatowski, M.; Romeu, N. V.; Dynarowicz-Leatka, P. J. Colloid Inter-

face Sci. 2008, 325, 464–471.
(65) Hartland, S.; Hartley, R.W.Axisymmetric Fluid-Liquid Interfaces; Elsevier:

Amsterdam, 1976.



DOI: 10.1021/la904117e 153Langmuir 2010, 26(1), 143–155

Danov et al. Article

Furthermore, we transform eqs 5.2 and 5.4 into a set of first-order
differential equations:

dy1

dl
¼ cos y3,

dy2

dl
¼ sin y3,

dy3

dl
¼ y4,

dy4

dl
¼ y5 ð5:5Þ

dy5

dl
¼ σmL

2

kc
y4 -

y4
3

2
-
L4gΔF
kc

y2 ð5:6Þ

where we have introduced the following dimensionless variables:

l � s

L
, y1 � x

L
, y2 � ζ

L
, y3 � ψ, y4 � dψ

dl
,

y5 � d2ψ

dl2
ð5:7Þ

As before, we consider solutions that are symmetric with respect
to the z-axis, that is, with respect to themidplane x=0,where we
define l = 0. Because of the symmetry, we have the following
boundary conditions in the midplane:

y1ð0Þ ¼ 0, y3ð0Þ ¼ 0, y5ð0Þ ¼ 0 ð5:8Þ
At the end of the membrane, we have ζ=0 at x=L/2, which (in
view of eq 5.7) leads to two additional boundary conditions:

y1ðlendÞ ¼ 0:5, y2ðlendÞ ¼ 0 ð5:9Þ
where lend is half of the dimensionless arc-length of the mem-
brane profile; lend is related to the total membrane area, Sm, as
follows:

Sm ¼ 2sendLy ¼ 2lendLLy ð5:10Þ
where send = lendL is the respective dimensional arc-length.

The numerical results in section 4 demonstrated that at typical
parameter values the membrane behalves as a practically incom-
pressible layer (θ ≈ 1) during out-of-plane deformations. As
above, we assume that, before the deformation, the layer has been
flat of lengthLþΔL. For an incompressible layer, we haveSm=
(L þ ΔL)Ly. The comparison of the latter relation with eq 5.10
yields

ΔL

L
¼ 2lend -1 ð5:11Þ

Additional arguments in favor of the validity of eq 5.11 are given
in Appendix I (Supporting Information).

The results for small deformations in section 4 showed that the
multiple wrinkling of a membrane upon decrease of the distance
between the barriers in the Langmuir trough (upon increase of
ΔL/L) occur at constant tension σm. Here, to specify the value
of σm in eq 5.6, in our numerical calculations, we will assume that
the same tendency is preserved also at larger deformations, that is,
σm � -(4kcgΔF)1/2 = const; see eq 4.35. Substituting the latter
value of σm in eq 5.6 and using the definition of χd� qdL in eq 4.6,
we bring eq 5.6 in the form:

dy5

dl
¼ -2χd

2y4 -
y4

3

2
- χd

4y2 ð5:12Þ

5.2. Computational Procedure. Equations 5.5 and 5.12
form a set of five first-order differential equations for determining
the functions y1(l), ..., y5(l), which have to be solved numerically

alongwith the five boundary conditions in eqs 5.8 and 5.9. For this
goal, we used the Runge-Kutta-Verner method of sixth order.66

χd in eq 5.12 is an input parameter. In our computations related to
Figures 9-12, we set χd = 15π, as in Figure G.2 in Appendix G.

The integration starts from the membrane midplane, that is,
from l= 0, using the boundary conditions, eq 5.8, and substitut-
ing tentative values of y2(0) and y4(0), which represent the
dimensionless vertical displacement and curvature of the mem-
brane at the midplane. Then, the integration of the set of eqs 5.5
and 5.12 is carried out at increasing l-values, until we reach
y1 = 0.5, corresponding to the first boundary condition in eq 5.9.
Next, we check whether y2 is zero at the same l (whether the
second boundary condition in eq 5.9 is satisfied). If not, we begin
the integration again assuming a new value of y4(0). (A similar
approach was used in ref 67). The value of y4(0) is varied until
both boundary conditions y1=0.5 and y2=0are simultaneously
satisfied for a given value of l. The latter is identified with lend in
accordance with eq 5.9. Substituting lend in eq 5.11, we find the
value of ΔL/L that corresponds to the calculated membrane
profile. Thus, for each given value of the vertical displacement in
the midplane, y2(0), we can determine y4(0) and lend from the two
boundary conditions in eq 5.9.
5.3. Numerical Results andDiscussion.Apeculiarity of the

considered problem, which is related to the nonlinear character of

Figure 9. Dimensionless membrane profile, (ζ /L) � 100 versus
x/L, calculated by numerical integration of eqs 5.5 and 5.12, along
with the boundary conditions 5.8 and 5.9, for positive curvature
at x=0. The parameter values are χd= 15π and ζ(0)/L=-0.01.
Each graphic corresponds to a different root of the boundary
condition y2(lend) = 0; the respective value of ΔL/L is denoted in
the figure.

(66) Hull, T. E.; Enright, W. H.; Jackson, K. R. User’s Guide for DVERK - A
Subroutine for Solving non-Stiff ODE’s, Technical Report 100; Department of
Computer Science, University of Toronto: Toronto, 1976.

(67) Tachev, K. D.; Angarska, J. K.; Danov, K. D.; Kralchevsky, P. A.Colloids
Surf., B 2000, 19, 61–80.
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eq 5.12, is that for a given y2(0) the second equation in eq 5.9,
y2(lend) = 0, has many roots. In other words, for each fixed y2(0),
we find a series of values of y4(0) and lend, for which we have
y2(lend) = 0. To illustrate this fact, in Figures 9-11, we show
membrane profiles at a fixed y2(0)=-0.01. The different profiles
correspond to different roots of the equation y2(lend) = 0. For

each root, we have corresponding values of y4(0), lend, and ΔL/L;
the latter is given in the figure.

If the curvature in the midplane is positive, that is, y4(0)>0,
the deformed membrane has an oscillatory profile but the
oscillations are not perfectly harmonic (sinusoidal); see Figure 9.
The number of oscillations increaseswith the rise ofΔL/L, despite
the fact that we have the same χd = 15π for all profiles. If
nonharmonic oscillations (like those in Figure 9) are experimen-
tally realized, from their average wavelength, one cannot deter-
mine kc using eq 4.39, because the latter equation is applicable to
harmonic oscillations that appear at small ΔL/L (see section 4).

If the curvature in the midplane is negative, that is, y4(0) < 0,
diverse membrane profiles are observed. As an illustration, in
Figure 10, a toothed profile that strongly differs from harmonic
oscillations is shown. It corresponds to χd= 15π, y2(0) =-0.01,
and ΔL/L = 0.2458.

Figure 11 illustrates that with the rise of ΔL/L (with the
decrease of the distance between the barriers in the Langmuir
trough) the toothed profiles are gradually transformed into
profiles with two wavelengths, resembling those experimentally
observed in ref 5 with monolayers from silica nanoparticles. As in
Figure 10, all profiles correspond to χd= 15π and y2(0)=-0.01.

Finally, in Figure 12,we illustrate what happens with the
membrane profile if we increase the value of the membrane
vertical displacement in the middle: y2(0)=-0.03 and -0.04.
Upon further increase of y2(0), the toothed profiles become
sharper and undergo a transition to profiles with treelike protru-
sions (see Figure I.1 in Appendix I). The growth of the latter
protrusionsmight be considered as one of the ways for collapse of
the Langmuir layer.

The criterion for minimal energy can also be applied to the
nonlinear problem (larger out-of-plane deformations) to find the
membrane shape, which is realized under given physical condi-
tions.However, the application of this criterion is related to heavy
computations, which are out of the scope of the present study.
This task could be a subject of subsequent work.

6. Summary and Conclusions

Here, we apply the 2D elastic continuummodel to describe the
wrinkling of elastic Langmuir layers (membranes) subjected to

Figure 10. Dimensionless membrane profile, (ζ /L) � 100 versus
x/L, calculated by numerical integration of eqs 5.5 and 5.12, along
with the boundary conditions 5.8 and 5.9, for negative curvature at
x = 0. The parameter values are χd = 15π, ζ(0)/L = -0.01, and
ΔL/L= 0.2458. (a) Cross section; (b) three-dimensional plot.

Figure 11. Dimensionless membrane profile as in Figure 10 but at
larger values of ΔL/L, which are denoted in the figure. Each
graphic corresponds to a different root of the boundary condition
y2(lend) = 0.

Figure 12. Dimensionless membrane profile, (ζ /L) � 100 versus
x/L, calculated by numerical integration of eqs 5.5 and 5.12, along
with the boundary conditions 5.8 and 5.9, for negative curvature at
x=0 and χd= 15π. The other parameters are (a) ζ(0)/L=-0.03
and (b) ζ(0)/L=-0.04. The respective values ofΔL/L are denoted
in the graphs.
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unidirectional compression. The effects of the dilatational, shear,
and bending elasticities, Ed, Esh,and kc, respectively, are taken
into account; see eqs 2.7 and 2.9. We determine the membrane
shape, which is physically realized, as the profile that minimizes
the energy of the system; see section 3.3.

In the case of small deformations, the problem can be linear-
ized. Its solution predicts a wavelike shape of the compressed
membrane. At negligibly small bending elasticity, kc f 0, the
energy of the system has a minimum for a sinusoidal profile,
whose amplitude and wavelength tend to zero; see section 3.4 and
Appendix E. In contrast, if the effect of bending elasticity is much
greater than that of gravity, themembrane has a half-wave profile
(section 3.5 and Appendix F). When the two effects are compar-
able, the membrane shape exhibits multiple periodic wrinkles
(ripples); see section 4. From their wavelength, one can determine
the bending elasticity (rigidity), kc; see eq 4.39. Reasonable values
of kc were obtained from available experimental data (section
4.7). At realistic values of the physical parameters, the calculated
decrease of the membrane area is extremely small, so that in the
first approximation the membrane bends at constant area.

To determine the membrane shape at larger out-of-plane defor-
mations, we solved numerically the respective nonlinear problem
(section 5). Depending on the values of the physical parameters,
the theory predicts variousmembrane shapes: nonharmonic oscilla-
tions (Figure 9), toothed profiles (Figures 10 and 12), and pro-
files with two characteristic wavelengths (Figure 11).

The results in this Article can be useful for determining the
bending elastic modulus, kc, of Langmuir films (membranes) as
well as for the interpretation of buckling and collapse of mono-
layers.
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